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Cubic B-spline for the Numerical Solution of Parabolic Integro-differential
Equation with a Weakly Singular Kernel
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Abstract: The aim of study is to solve parabolic integro-differential equation with a weakly singular kernel.
Problems involving partial integro-differential equations arise in fluid dynamics, viscoelasticity, engineering,
mathematical biology, financial mathematics and other areas. Many mathematical formulations of physical
phenomena contain integro-differential equations. Integro-differential equations are usually difficult to solve
analytically so, it is required to obtain an efficient approximate solution. A numerical method is developed to solve
the partial integro-differential equation using the cubic B-spline collocation method. The method is based on
discretizing the time derivative using finite central difference formula and the cubic B-spline collocation method for
the spatial derivative. Three examples are considered to illustrate the efficiency of the method developed. It is to be
observed that the numerical results obtained by the proposed method efficiently approximate the exact solutions.

Keywords: Central differences, collocation method, cubic B-spline, integro-differential equation, weakly singular
kernel

INTRODUCTION The integro-differential Eq. (1) along with the
constraints (2) and (3) occurs in applications such as
heat conduction in material with memory (Gurtin and
Pipkin, 1968; Miller, 1978), compression of
poroviscoelastic media, population dynamics, nuclear
reactor dynamics etc.

It can be seen that in Eq. (1), the kernel function
has a weak singularity at the origin (Tang, 1993). This
is particular interesting in viscoelasticity, because it
might smooth the solution when the boundary data is
discontinuous (Renardy, 1989).

Solution of integro-partial differential equations
has recently attracted much attention of research. Chen
et al. (1992) used finite element method for the

u(a,t)=f,), numerical solution of a parabolic integro-differential

conditions equation with a weakly singular kernel. In Fairweather
or (1994), spline collocation methods have been applied to

u (@ t)=r), u/b,t)=r¢), t>0 Neumann obtain the numerical solution for a class of hyperbolic

conditions (3) partial integro-differential equations. Huang (1994)
used time discretization scheme for solving integro-
differential equations of parabolic type. Xu (1993a, b
and c) used finite element method to solve parabolic

! partial integro-differential equation. Wulan and Xu
B = @’ O<ax<l (2010) used finite central difference/finite element
approximations for the numerical solution of partial

Consider the following partial integro-differential
equation with a weakly singular kernel:

j[ﬂ(t—s)u[(x,s)ds—un(x,t)zf(x,t), xefab], 10 (D

Subject to the initial condition:
u(x,0)=g,(x), 0<x<1 2)

and appropriate boundary conditions:

u(,t)=f,t), t>0 Dirichlet

where, the kernel:

is a singular kernel at t = 0 and I'denotes the gamma
function, gy (x), fo (t), f; (t), 1o (t), r; (t) are known
functions, f (x, t) is a given smooth function and the
function u (x, t) is unknown.

integro-differential equations. Soliman et al. (2012)
used fourth order finite difference and collocation
method for the numerical solution of partial integro-
differential equation.
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In this study, the approximate solution of parabolic
integro-differential equation with weakly singular
kernel is proposed using cubic B-spline collocation
method. The collocation method with B-spline basis
functions represents an economical alternative, since it
only requires the evaluation of the unknown parameters
at the grid points. Haixiang et al. (2013) used quintic B-
spline collocation method for solving fourth order
partial integro-differential equation with a weakly
singular kernel.

TEMPORAL DISCRETIZATION

Consider a uniform mesh Awith the grid points A;
to discretize the region Q=[a,b]x[0,T]. Each A; is the
vertices of the grid point (x;, tj) where x; = a + ih
i=0,1,2,..,N and ¢ =k, j=012,..M, Mk =T .

The quantities h and k are the mesh sizes in the space
and time directions, respectively.

A finite difference approximation is used to
discretize the time derivative involved in Eq. (1) at time
point t = tj;; as:

I’J“ 09" au(x, ) s Jz¢(r ) —u(x b)) €, =)™
M) & (@) s
(t/ 1 _‘s) u(x5ty+l)7l¢(x»[,v4 ),;
ZI () 2% -
:u(x,tl)—u(x,to)" 1 .

Tk .-

+iu(x,l,.+])*u(xt I)J- t 1

= 2k I(a) = )l i
_u@t)—uGLt) e
=T al@k [G+D* =71

Culx ot )-ulx,t,_, ) v a
+ZO 2at@r
Coulet)-ulet) 1 i u(e,t ) —ul,t,)
TV etk 2T(a+) S ke

“4)

where, b=(r+)*-r",r=0,1,2,...,j
The discrete differential operator L,* can be defined as:

L(:M(x’tjﬂ) =
u(x7t1)_u(x7t0)+ 1
T T(a+1).k"™

.

il b u(x,t,, ) —u(x,t,, )
2T+ )5 " k"

i
S}

The Eq. (4) can be rewritten as:

ti,

’.[‘ (1,0 =" du(x,s)

dS = L‘;u(x’tj+l)
o IN'e) Os

Substituting Leu(x, t;,)asan approximation of:

tjn a-
.[ (tj+] _S) : au(X,S) ds
I (a) ds

0

leads to the following difference scheme to Eq. (1):
L‘tlu(x’tjﬂ ) Uy (xatj+1) = f(x’ tj+1)

It can further be written as:

b uet)-u(xt) 1 ib u(x,t, ) —uxt;, )

N —u, (x5t,) = f(xt,,
[(a+1) K (S P w5l = f(50,)

(6))

The above equation can be rewritten as:

o*u’t

bou”'(x)72l"(a+1)k"’T—b w™ (x) - Zb @™ (x)—u’" (x))

~2b,(u' (x) ~u(x)) + 2D(a + D" f7(x)
(6)
where,

u’™ (x) :u(x,tj.ﬂ), b =(r+)"-r*,r=0,1,2,..,j

Note that by = 1 and let q, = 2I'(a +1)k'"*, then
the right hand side of Eq. (6) can be reformulated as:

" () - aO = -b, 4 (x) + Z (br—l —bry1)
W (x) - bu' (x)+( biy+2b) u (x)+aoff‘*1 (), =1
(7

with the boundary conditions:

w @) =f o(t,.)s u " (b)=f ()

®)

In each time level, there is an ordinary differential
equation in the form of Eq. (7) with the boundary
conditions Eq. (8), which is solved by cubic B-spline
collocation method. The proposed scheme Eq. (7) is a
three level scheme. In order to apply the proposed
scheme, it is necessary to have the values of u at the
nodal points at the zeroth (u”) and first (u') level times.

To compute u' substitute j = 0 (the special case), in
Eq. (5), it can be written as:

Ou__ (x)+—aJ (x)

u (x)- an o 2 ©

where, 1" =u(x,0)=g,(x) is the value of u at the

zero™ level time (the initial condition).

CUBIC B-SPLINE COLLOCATION METHOD

Let A"={a=x,<x,<x,<..<x, =b} be the

partition of [a, b]. Let B; be B-spline basis functions
with knots at the points x;, i = 0, 1,..., N. Thus, an
approximation U'! (x) to the exact solution U™ (x)
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Table 1: Coefficient of cubic B-spline and its derivatives at knots x;

Xi2 Xi1 Xi Xit1 Xir2 else
Bi(x) 0 1 4 1 0 0
BV (x) 0 3/h 0 -3/h 0 0
B” (x) 0 6/h>  -12/h>  6/h> 0 0

At j+1 time level, can be expressed in terms of the
cubic B-spline basis functions B; (x) as:

Ux) =3 e (0B, ()
2 (10)

where, ¢; are unknown time dependent quantities to be
determined from the boundary conditions and
collocation form of the integro-differential equation.

The cubic B-spline B; (x), i =-1,0,..., N +1 can
be defined as under:

(x _xi—z)35 x €[x; 5%,
W +307(x —x, ) +3h(x —x, ) -3 —x,,), xelx,.x]
B, (x)=h—13 B +3h%Cx,, —x)+3h(x,, —x Y =30x,, —x),  xelx,,x, ],

(C —x)3, X E[x;,,X,,],

0, otherwise

The values of successive derivatives
B, (x),i =-1,..,N +1;7=0,1,2 at nodes, are listed in

Table 1.
Let, U'"! (x) satisfies the boundary conditions:

U‘H](a) =f O(t/'+l)’ Ui+](b):.f l(t,'+l)

and the collocation equations:

. U
v’ ‘(X;)_al] a? =

B U6+ 3 b, b ) U ()
“bU'(x,) 4, +26)U°(x ) +af ), j 2L, =012, N

The above equation can be rewritten, by omitting
the dependence of U™ (x) on x as:

2r 7 i+l -l
oY U 43t b U

=

I
U'" —q,

=l

b U+, +D)U, +af" 21, i=012.,N

(11

Substituting Eq. (10) into Eq. (11), it can be written as:

. . . 6 . . .
J+l J+l J+ _ J+l _ J+l J+
(Cf,] +4Cz +Ci+l ) aO hz (szl 2Cz +ci+l

. . . i . . .
= -b (c}/—] +4cz] +c}/+1)+2(br71 _bwl)(c}'/:l' +4Cilir +eli)
=1

i+l

~ j+l

—b (c/ +4c! +c; )+ (b, +2b)(c, +4c] +c!, ) +af,
(12)

Simplifying the above relation leads to the
following system of (N+1) linear equations in (N+3)

JHl g+l g+ J+L L+l
unknowns ¢/ e/ e/ el el

[l—a0 h—()zjc,/f,' Jr(4+a0 %)c[“ +(1—a0 h—ﬁzjq/:l‘ =F, j=2l, i=012.,N

(13)

where,

i+1

Jj-l1
F =-b(c/ +4c) +c] )+ 2 (b, ~b, )/ +4c/ T+l
r=1

1 1, 0 0, 0 -
_b, (c;y +4c, +C‘+1)+(b_,>| +2b, Yei tac) e ) taf”

To obtain the unique solution of the system (13),
two additional constraints are required. These
constraints are obtained from the boundary conditions.
Imposition of the boundary conditions enables us to
eliminate the parameters c.; and cy,; from the system

(13).
First the Dirichlet boundary conditions are used in
order to eliminate c¢_; and cy.;, as:

u(a,t)=(c_ +4c,+c,)=f,@)
ub,t)=(cy_ +4c, +cy )=/

c,=—4c,—c,+f,()

Cyu =—4cy —cy +1,()

After eliminating c; and cy:;, the system (13) is
reduced to a tri-diagonal system of (N+1) linear

equations in (N+1) unknowns. This system can be
rewritten in matrix form as:

o .
ACM=F, j=1,2,3,.. (14)
where,
Cj+1 =[Cé+1,clj+l,...,01{,+l]T,

j=123,..

The coefficient matrix A is given as under:

36
a0h72
a p «
a o
A= .ﬂ .
a p a
36
L Yo7 ]
where,
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The Neumann boundary conditions can also be
applied in order to eliminate c_; and cys, as:

3

u, (a,t)zz(—(LI +c)=r,@)
3

u, (b,t) :Z(_CN—I teoy ) =nr()
h

c, =c —Ero(t)

h
Cnvia =Cna +§r1(t)

After eliminating c; and cy+;, the system (13) is
reduced to a tri-diagonal system of (N+1) linear
equations in (N+1) unknowns. This system can be
rewritten in matrix form as:

i+l _ .

AC"=F, j=12,3,. (15)
where,

' =lel et el j=12,3,..

The coefficient matrix A is given as under:

[ 12 12 )
(4+a(,?] [2—410?)
b4 3 b4
)
Ao 4 s v
4 S 4
12 12
[2 aof) [4+aoﬁj
where,

6 12
72(1—(1011—2), 5=(4+a0h—2j

Using the system (13), for j = 1, following is the
system of (N+1) linear equations in (N+3) unknowns

2 2 2 2 2
C21,C05C1 5o Ci »Ciy 4y

6 12 6
(l -a, ﬁ]ci] +(4+a0 ﬁ)cf +(l -a, ﬁ]qﬂ, =F,

where,

i=012,..,N

(16)

F, =-2b, (C[l—l + 4011 +C[1+1)+ by + 2b1)(c[0—1 + 4010 +ci0+1)+a0fi2

In order to find the value of C* =[c?,c7,...c} T it

is first needed to find the value of C' =[c|,c/,....c) | -

The value of C' is obtained, solving Eq. (9) using cubic
B-spline collocation method, as:

3 6 3
(1 -a, chllfl + (4+a0 ch} +(1 -a, chfﬂ =F,

where,

i=0,12,...N

)

F, = (C,-O,I + 4cl.0 +cl.0+])+%aofl.1

The above Eq. (17) is a system of (N+/) linear
equations in (N+3) unknownsc' ¢} ¢!, .. To

obtain the unique solution of this system, eliminate c_
and cny, using Dirichlet and Neumann boundary
conditions.

The time evolution of the approximate solution
U™ is determined by the time evolution of the vector
C’*!. This is found by repeatedly solving the recurrence
relationship, once the initial vector C° :[c(?,cf’,...,cf, T,

1 1
"cN ’CN +1°

has been computed from the initial condition. The
recurrence relationship is tri-diagonal and so can be
solved using Thomas algorithm.

The initial state vector: The initial state vector C° can
be determined from the initial condition
u(x,0) :uo(x )=g,(x) which gives (N+1) equations in

(N+3) unknowns. For determining these unknowns the
following relations at the knots are used:

Ux (a’o):ux (xo’o),
Ux,,0)=u’(x,),
U,b,0)=u,(xy,0)

i=123,.,N-1

which gives a tri-diagonal system of equations in the
following matrix:

GC°=E
where,
(4 2 0 1
1 4 1
G= 1 4 1
1
| 0 2 4]
NUMERICAL RESULTS

The proposed method is tested on the following
three problems. Let:
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Table 2: The errors |lem|| and |jem|. when N = 60 and k = 0.0001 for
example 1

M llenl- llenll>

10 4.1248 E-05 3.7654 E-06

20 2.3848 E-05 2.1770 E-06

30 1.2071 E-05 1.1019 E-06

40 3.1259 E-06 2.8536 E-07

50 4.0669 E-06 3.7126 E-07

Table 3: The errors ||em|. and |lem|l. when N = 60 and k = 0.001 for
example 1

M llenl- llenll>

10 8.7764 E-04 8.0117 E-05

20 8.5436 E-04 7.7992 E-05

30 8.4063 E-04 7.6738 E-05

40 8.3093 E-04 7.5853 E-05

50 8.2337 E-04 7.5163 E-05

Table 4: The errors ||em||. and ||em|]. when M = 10 and k = 0.0001 for
example 1

N lem]fo [lemll>

10 2.0176 E-03 45115 E-04

20 4.2892 E-04 6.7818 E-05

30 1.3503 E-04 1.7433 E-05

40 3.2197 E-05 3.5998 E-06

50 1.5396 E-05 1.5396 E-06

Table 5: The errors ||em||» and |lem|], when N = 60 and k = 0.0001 for
example 2

M llem]l- llemll>

10 9.1411 E-05 6.8482 E-06

20 9.1003 E-05 5.3983 E-06

30 9.0654 E-05 5.5083 E-06

40 8.9746 E-05 5.5048 E-06

50 8.8599 E-05 5.4441 E-06

Table 6: The errors |jem||. and ||em|l. when N = 60 and k = 0.001 for
example 2

M llenl- llenll>

10 9.9041 E-04 8.5887 E-05

20 9.8809 E-04 8.5793 E-05

30 9.8464 E-04 8.5511 E-05

40 9.8077 E-04 8.5187 E-05

50 9.7666 E-04 8.4844 E-05

Table 7: The errors ||em||. and |lem||, when M = 10 and k = 0.0001 for
example 2

N llemll llemll>

10 8.5855 E-04 1.8436 E-04

20 1.6181 E-04 2.0645 E-05

30 4.0921 E-05 2.9628 E-06

40 1.3212 E-06 1.1620 E-06

t

1
=jk,j=0,1,2,... M, h=—,
JKSJ N

Example 1: Following is the second order parabolic
integro-differential equation:

t _ a1
I(t s) u,(x,s)ds —u (x,t)=f(x.,t), x €[0,1], t>0, «=0.5
0

I(a)
(18)
with the initial condition:
u(x,0)=sinzx, x €[0,1]
and boundary conditions:
u(0,t)=0=u(l, ), t>0

The exact solution of the problem is:
u(x,t)=(©+1)sinzx

The numerical solutions at N = 60, £ = 0.0001 and
k = 0.001, with different time levels M, are presented in
Table 2 and 3 respectively. The numerical solutions at
M =10 and £ = 0.0001 for different values of N are
tabulated in Table 4. In Table 2 to 4, the time increment

k, the space increment & = % and time level M are varied

to test the accuracy of the proposed method, which
indicates that the proposed method is substantially
efficient.

In order to indicate the effect of the proposed
method for larger M, the exact solution and the
numerical solution are plotted using N = 100, M = 500
and £ = 0.0001 as shown in Fig. 1. When N = 100,
k = 0.0001 and M = 10 the exact solution and the
numerical solution at the M time level are shown in Fig.
2. It can be observed from the Table 2 to 4 and Fig. 1
and 2, that the proposed method approximates the exact
solution very efficiently.

Example 2: Following is the parabolic integro-
differential equation:

x e, >0, =05

(19)

t ([ _S)a—l ) o _
! =) u,(,5)ds —u_, (¢ t)=f (x,t),

with the initial condition:

where M denotes the final time level ¢, and N+1 is the
number of nodes. In order to check the accuracy of the
proposed method, the maximum norm errors and L,
norm errors between numerical and exact solution are
given with the following definitions:

Maximum norm error: e, ||, = max ‘u (x,.t,,)-UY

1 N 2 %
L, norm error: lea [, :N(ZM (ot )=U" ‘ J

i=0

u(x,0)=coszx,
and Dirichlet boundary conditions:

u(0,)=(@ +1),
u(l,t)=(@+1)cos(x),

The exact solution of the problem is:
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Mumerical solution

&
=

Fig. 1: The results at M = 500 for example 1

Exact zolabtion

u
15 - The M-th exact solution

H ® * * *°* The M-thnunerical

L solution
10
05 -

| | | | X
02 04 0.6 0.8 1.0

Fig. 2: The exact and numerical solutions at M = 10
u(x,t)=(+1coszx

The numerical solutions at N = 60, £ = 0.0001 and
k = 0.001, with different time levels M, are presented in
Table 5 and 6 respectively. The numerical solutions at
M =10 and k£ = 0.0001 for different values of N are
tabulated in Table 7. In Table 5 to 7, the time increment
k, the space increment /1 = % and time level M are varied
to test the accuracy of the proposed method, which
indicates that the proposed method is substantially
efficient.

In order to indicate the effect of the proposed
method for larger M, the exact solution and the

numerical solution are plotted using N = 100, M = 500
and k£ =0.0001 as shown in Fig. 3. When N = 100,
k = 0.0001 and M = 10 the exact solution and the
numerical solution at the M time level are shown in
Fig. 4. It can be observed from the Table 5 to 7 and
Fig. 3 and 4, that the proposed method approximates
the exact solution very efficiently.

Example 3: Following is the parabolic integro-
differential equation:

]-(t —s)"! u, (x,5)ds —u,, (¢,0) =1 (x.t),

x e[-11], >0, =05
» N

(20)
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Exact 2olution Mumerieal solution

L

Sy . T
B, R
. 8 . Tm— e e

b ——— The Mtth exact solution

® o o o ¢ The M-thnumerical solution

0.6 0.8 1.0
05 -
1.0 -
Fig. 4: The exact and numerical solutions at M = 10
with the initial condition: Table 8: Maximum norm errors ||em]|. for N = 40 for example 3
N M k = 0.001]lewm]l Kk = 0.00125[jey|.
. 40 10 5.9948 E-04 1.0018 E-03
u(x,0)=sinzx, x €[-11] 20 43331 E-04 7.2357 E-04
30 7.0620 E-04 1.1162 E-04
.- . 40 1.3169 E-03 1.9388 E-03
and Neumann boundary conditions: 50 0042 E-03 2 8735 F-03
u, (-1, ) =7x(t + 1)2 COS T, Table 9: L, norm errors |lem||, for N = 40 for example 3
N M k = 0.001 [lew]: k = 0.00125 [lew]:
u, (1, t)=nx(t +1)’ cos(), t>0 40 10 6.2565 E-05 1.0570 E-04
20 4.6637 E-05 7.7196 E-05
. . 30 3.3271 E-05 5.7804 E-05
The exact solution of the problem is: 40 89371 E-05 1.2795 E-04
50 1.6722 E-04 2.3443 E-04

J— 2 1
u(x’t) _(t +1) SIn7zx increment k and time level M are varied to test the

accuracy of the proposed method, which indicates that

The numerical solutions at N = 40, k£ = 0.001 and  the proposed method is substantially efficient.
k =0.00125, with different time levels M, are presented In order to indicate the effect of the proposed
in Table 8 and 9 respectively. In Table 8 and 9, the time method for larger M, the exact solution and the
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Exact solution

Fig. 5: The results at M = 500 for example 3

N

Mumencal solution

The M-th exact solution 1.0 B
® ® ®*°* The M-thnumerical solution r
0.5 -
< | / | x
1) 05 L 0.5 1.0
0.5 ~
1.0

Fig. 6: The exact and numerical solutions at M = 10

numerical solution are plotted using N = 100, M = 500
and £ =0.0001 as shown in Fig. 5. When N = 100,
k = 0.0001 and M = 10 the exact solution and the
numerical solution at the M time level are shown in
Fig. 6. It can be observed from the Table 8 and 9 and
Fig. 5 and 6, that the proposed method approximates
the exact solution very efficiently.

CONCLUSION

The numerical solution of parabolic integro-
differential equation with a weakly singular kernel is
studied using cubic B-spline collocation method. The
parabolic integro-differential equation is discretized by
the finite central difference formula in the time
direction and the cubic B-spline collocation method for
spatial derivative. The parameters 4, k and M are varied
in order to test the accuracy of the proposed method. It
is observed from the numerical experiments, that the
proposed method possesses high degree of efficiency
and accuracy. Moreover, the numerical results are in

good agreement with the exact solutions. The numerical
solutions of non-linear parabolic integro-differential
equations are in progress.
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