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On Fuzzy-Γ -ideals of Γ-Abel-Grassmann's Groupoids 
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Abstract: In this study, we have introduced the notion of  Γ-fuzzification in Γ-AG-groupoids which is in fact the 
generalization of fuzzy AG-groupoids. We have studied several properties of an intra-regular  

Γ-AG
**

-groupoids in terms of fuzzy Γ-left (right, two-sided, quasi, interior, generalized bi-, bi-) ideals. We have 

proved that all fuzzy Γ-ideals coincide in intra-regular Γ-AG
**

-groupoids. We have also shown that the set of fuzzy  

Γ -two-sided ideals of an intra-regular Γ-AG
**

-groupoid forms a semilattice structure. 
 

Keywords:Γ -AG-subgroupoid, Γ -AG
**

-groupoid,Γ -AG
**

-groupoid and intra-regular, fuzzy subset, fuzzy Γ -

ideals, fuzzy Γ -AG-groupoid 

 
INTRODUCTION 

 
The real world has a lot of different aspects which 

are not usually been specified. Models for problems in 
almost all fields of knowledge like engineering, medical 
science, mathematics, physics, computer science and 
artificial intelligence, can be constructed. Some times 
the models are very difficult to handle and the possible 
solutions may be impossible. Therefore, the classical set 
theory, which is precise and exact, is not appropriate for 
such problems of uncertainty. 

In today's world, many theories have been 
developed to deal with such uncertainties for instance 
fuzzy set theory, theory of vague sets, theory of soft 
ideals, theory of intuitionistic fuzzy sets and theory of 
rough sets. The theory of soft sets has many applications 
in different fields such as the smoothness of functions, 
game theory, operations research, Riemann integration 
etc. The basic concept of fuzzy set theory was first given 
by Zadeh (1965). Zadeh (1965) discussed the 
relationships between fuzzy set theory and probability 
theory. Rosenfeld (1971) initiated the fuzzy groups in 
fuzzy set theory. Mordeson et al. (2003) have discussed 
the applications of fuzzy set theory in fuzzy coding, 
fuzzy automata and finite state machines. 

Abel-Grassmann's groupoid (AG-groupoid) is the 
generalization of semigroup theory with wide range of 
usages in theory of flocks (Naseeruddin, 1970). The 
fundamentals of this non-associative algebraic structure 
were first discovered by Kazim and Naseeruddin (1972). 
AG-groupoid is a non-associative algebraic structure 
mid way between a groupoid and a commutative 
semigroup. It is interesting to note that an AG-groupoid 
with right identity becomes a commutative monoid 
(Mushtaq and Yousuf, 1978). 

The concept of a Γ  -semigroup has been 

introduced by Sen (1981) as follows: A non-empty set 

S  is called a Γ -semigroup if Syx ∈α  and 

)()( zyxzyx βαβα =  for all Szyx ∈,,  and ., Γ∈βα  A 

Γ -semigroup is the generalization of semigroup. 

In this study we characterize Γ  - AG
**

-groupoids 

by the properties of their fuzzy Γ  -ideals and generalize 

some results. A Γ  -AG-groupoid is the generalization 

of AG-groupoid. Let S  and Γ  be any non-empty sets. 

If there exists a mapping SSS →×Γ×  written as ),,( yx α  

by ,yxα then S  is called aΓ -AG-groupoid if Syx ∈α  

such that the followingΓ  -left invertive law holds for all 

Szyx ∈,,  and Γ∈βα ,   .)()( xyzzyx βαβα =  

A Γ -AG-groupoid also satisfies the Γ  -medial law 

for all Szyxw ∈,,,  and Γ∈γβα ,,   

 

).()()()( zxywzyxw γβαγβα =  

 

Note that if a Γ  -AG-groupoid contains a left 

identity, then it becomes an AG-groupoid with left 

identity. 

A Γ  -AG-groupoid is called a Γ  - AG
**

-groupoid 

if it satisfies the following law for all Szyx ∈,,  and 

Γ∈βα ,  ).()( zxyzyx βαβα =  

A Γ - AG
**

-groupoid also satisfies the Γ  -

paramedial law for all Szyxw ∈,,,  and Γ∈γβα ,,  

).()()()( wxyzzyxw γβαγβα =  



 

 

Res. J. Appl. Sci. Eng. Technol., 6(8): 1326-1334, 2013 

 

1327 

PRELIMINARIES 
 

The following definitions are available in Shah and 
Rehman (2010). 

Let S  be a Γ  -AG-groupoid, a non-empty subset 

A  of S  is called a Γ  -AG-subgroupoid if Aba ∈γ  

for all Aba ∈, and Γ∈γ  or if .AAA ⊆Γ   

A subset A  of a Γ  -AG-groupoid S  is called a Γ  

-left (right) ideal of S  if AAS ⊆Γ   ( )ASA ⊆Γ  and 

A  is called a Γ  -two-sided-ideal of S  if it is both a Γ  

-left ideal and a Γ  -right ideal. 

A subset A  of a Γ  -AG-groupoid S  is called a Γ
-generalized bi-ideal of S  if ( ) .AASA ⊆ΓΓ   

A sub Γ  -AG-groupoid A  of a Γ  -AG-groupoid 

S  is called a Γ -bi-ideal of S  if ( ) AASA ⊆ΓΓ  . 

A subset A  of a Γ -AG-groupoid S  is called a Γ  

-interior ideal of S  if ( ) .ASAS ⊆ΓΓ   

A subset A  of a Γ -AG-groupoid S  is called a Γ  

-quasi-ideal of S  if .ASAAS ⊆Γ∩Γ   

A fuzzy subset f  of a given set S  is described as 

an arbitrary function ]1,0[: →Sf , where ]1,0[ the 

usual is closed interval of real numbers. 
Now we introduce the following definitions. 

Let f  and g  be any fuzzy subsets of a Γ  -AG-

groupoid S  , then the Γ  -product gf Γo
 is defined by 

 

( )
{ }



 Γ∈=∋∈∃∧∨
= =

Γ
otherwise.                                                     ,0

.  where ,  if ,)()(
)(

αα
α

cbaScbcgbf
agf cbao

 

 

A fuzzy subset f  of a Γ  -AG-groupoid S  is 

called a fuzzy Γ  -AG-subgroupoid if 

)()()( yfxfyxf ∧≥α  for all x  , Sy∈  and .Γ∈α   

A fuzzy subset f  of a Γ  -AG-groupoid S  is 

called fuzzy Γ  -left ideal of S  if )()( yfyxf ≥α  for 

all x  , Sy∈  and .Γ∈α   

A fuzzy subset f  of a Γ  -AG-groupoid S  is 

called fuzzy Γ  -right ideal of S  if )()( xfyxf ≥α  for 

all x  , Sy∈  and .Γ∈α   

A fuzzy subset f  of a Γ  -AG-groupoid S  is 

called fuzzy Γ  -two-sided ideal of S  if it is both a 

fuzzy Γ  -left ideal and a fuzzy Γ  -right ideal of .S   

A fuzzy subset f  of a Γ  -AG-groupoid S  is 

called fuzzy Γ  -generalized bi-ideal of S  if 

)()())(( zfxfzyxf ∧≥βα , for all x , y  and Sz∈  

and ., Γ∈βα   

A fuzzy Γ-AG-subgroupoid f  of a Γ -AG-

groupoid S  is called fuzzy Γ -bi-ideal of S  if 

)()())(( zfxfzyxf ∧≥βα  , for all x  , y  and Sz∈  

and ., Γ∈βα   

A fuzzy subset f  of a Γ -AG-groupoid S  is called 

fuzzy Γ -interior ideal of S  if )())(( yfzyxf ≥βα
,for all x , y  and Sz∈ and ., Γ∈βα   

A fuzzy subset f  of a Γ -AG-groupoid S  is called 

fuzzy Γ -interior ideal of S  if ffSSf ⊆∩ ΓΓ )()( oo . 

 

Γ -FUZZIFICATION IN Γ -AG-GROUPOIDS 
 

Example 1: Let }9,8,7,6,5,4,3,2,1{=S . The following 

multiplication table shows that S  is an AG-groupoid 

and also an AG-band: 

 

9253861749

6837419528

1475296387

2596384176

4719528635

8361742954

7142953863

3684175292

5928637411

987654321.  

 

Clearly S is non-commutative and non-associative 

because 3223 ≠  and ).23(43)42( ≠   

Let },{ βα=Γ  and define a mapping 

SSS →×Γ×  by baba 2=α and 2abba =β  for all 

., Sba ∈  Then it is easy to see that S  is a Γ -AG-

groupoid and also a Γ -AG-band. Note that S is non-

commutative and non-associative because 9119 αα ≠  

and ).87(68)76( βαβα ≠   

 

Example 2: Let }3,2,1{=Γ  and define a mapping 

ZZZ →×Γ×  by zabba −−−−= βββ  for all 

Z,, ∈zba  and ,Γ∈β  where " −  " is a usual 

subtraction of integers. Then Z  is a Γ -AG-groupoid. 
Indeed 

 

.22

)()()(

γβγββγ
γββγγββγβ

−++−=−−++++−−=

−−−−−−−−=−−−−=

abczzabc

zzabcczabcba

 

And 
 

.22

22

)()()(

γβ

βγγββγ
γββγγββγβ

−++−=

++−−=−−++++−−=

−−−−−−−−=−−−−=

abc

cbazzcba

zzcbaazcbabc

 

Which shows that abccba γβγβ )()( =  for all 

Z,, ∈cba  and ., Γ∈γβ  This example is the 

generalizaion of a Γ  -AG-groupoid given by Shah and 
Rehman (2010). 
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Example 3: Assume that S  is an AG-groupoid with left 

identity and let }.1{=Γ  Define a mapping 

SSS →×Γ× by xyyx =1  for all ,, Syx ∈  then S  is 

a Γ  -AG-groupoid. Thus we have seen that every AG-

groupoid is a Γ -AG-groupoid for },1{=Γ that is, Γ -
AG-groupoid is the generalization of AG-groupoid. Also 

S is a Γ -AG**
-groupoid because )1(1)1(1 zxyzyx =  

for all .,, Szyx ∈   

 

Example 4: Let S  be an AG-groupoid and }.1{=Γ  

Define a mapping SSS →×Γ×  by xyyx =1  for all 

,, Syx ∈  then we know that S  is a Γ  -AG-groupoid. 

Let L  be a left ideal of an AG-groupoid ,S  then 

.LSLLS ⊆=Γ  Thus L  is Γ  -left ideal of .S  This 

shows that every Γ -left ideal of Γ -AG-groupoid is a 

generalization of a left ideal in an AG-groupoid ( for 

suitable Γ ). Similarly all the fuzzy Γ  -ideals are the 

generalizations of fuzzy ideals. 

By keeping the generalization, the proof of Lemma 

1 and Theorem 1 are same as in (Nouman, 2010). 

 

Lemma 1: Let f  be a fuzzy subset of a Γ -AG-
groupoid ,S  then ffS =Γo  . 

 

Theorem 1: Let S  be a Γ  -AG-groupoid, then the 

following properties hold inS . 

 

• fghhgf ΓΓΓΓ = oooo )()(  for all fuzzy subsets f, g

andh of S . 

• )()()()( kghfkhgf ΓΓΓΓΓΓ = oooooo  for all fuzzy 

subsets hgf ,,  and k  of S . 

 

Theorem  2: Let S be a Γ -AG**
 -groupoid, then the 

following properties hold in S . 

 

)(i )()( hfghgf ΓΓΓΓ = oooo  for all fuzzy subsets 

gf , andh of S . 

)(ii )()()()( fghkkhgf ΓΓΓΓΓΓ = oooooo  for all fuzzy 

subsets hgf ,,  and k  of S . 

 

Proof:  

)(i
 
Assume that x  is an arbitrary element of a Γ -AG

**
 

-groupoid S  and let Γ∈βα ,  . If x  is not 

expressible as a product of two elements in S  , 

then ( )( ) ( )( ) ).(0)( xhfgxhgf ΓΓΓΓ == oooo  

Let there exists y  and z  in S  such that ,zyx α=  

then by using (3), we have: 

( ) ( )( ) ( ) ( ){ }

{ } { }

{ }

{ }

{ } { }

{ }

( ) ).()()(

))(())((

)()()()(

)()()()(

)()()()(

)()()()(

)()()(

)()(

)()(

xfghk

nfgmhk

pfqguhvk

pfqguhvk

vkuhqgpf

vkuhqgpf

zkhygfxkhgf

nmx

pqnuvmnmx

pquvx

vuqpx

vuzqpyzyx

zyx

ΓΓΓ

ΓΓ
=

===

Γ
=

=

===

ΓΓ
=

ΓΓΓ

=

∧=








∧∧∧=

∧∧∧=

∧∧∧=








∧∧∧=

∧=

∨

∨∨∨

∨

∨

∨∨∨

∨

ooo

oo

ooooo

α

γβα

γαβ

γαβ

γβα

α

 

 

If z is not expressible as a product of two 

elementsin ,S then ( )( ) ( )( ) ).(0)( xhfgxhgf ΓΓΓΓ == oooo  

Hence, ( )( ) ( )( ) )()( xhfgxhgf ΓΓΓΓ = oooo  for all x in 

S . 

)(ii If any element x  of S  is not expressible as 

product of two elements in S  at any stage, then, 

( ) ( )( ) ( ) ( )( ) ).(0)( xfghkxkhgf ΓΓΓΓΓΓ == oooooo

 Assume that Γ∈γβα ,,  and let there exists zy,  

in S  such that ,zyx α=  then by using (4), we 

have: 

 

( ) ( )( ) ( ) ( ){ }

{ } { }

{ }

{ }

{ } { }

{ }

( ) ).()()(

))(())((

)()()()(

)()()()(

)()()()(

)()()()(

)()()(

)()(

)()(

xfghk

nfgmhk

pfqguhvk

pfqguhvk

vkuhqgpf

vkuhqgpf

zkhygfxkhgf

nmx

pqnuvmnmx

pquvx

vuqpx

vuzqpyzyx

zyx

ΓΓΓ

ΓΓ
=

===

Γ
=

=

===

ΓΓ
=

ΓΓΓ

=

∧=








∧∧∧=

∧∧∧=

∧∧∧=








∧∧∧=

∧=

∨

∨∨∨

∨

∨

∨∨∨

∨

ooo

oo

ooooo

α

γβα

γαβ

γαβ

γβα

α

 

By keeping the generalization, the proof of the 

following two lemmas is same as in Mordeson et al. 

(2003). 

 

Lemma 2: Let f  be a fuzzy subset of a Γ  -AG-
groupoid S , then the following properties hold: 

 

• f  is a fuzzy Γ  -AG-subgroupoid of S  if and 

only if fff ⊆Γo  

• f  is a fuzzy Γ  -left (right) ideal of S  if and only 

if ffS ⊆Γo
  )( fSf ⊆Γo

 

• f  is a fuzzy Γ  -two-sided ideal of S  if and only 

if ffS ⊆Γo  and fSf ⊆Γo
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Lemma 3: Let f  be a fuzzy Γ  -AG-subgroupoid of a 

Γ  -AG-groupoid S , then f  is a fuzzy Γ  -bi-ideal of 

S  if and only if ffSf ⊆ΓΓ oo )(  . 

 

Lemma 4: Let f  be any fuzzy Γ  -right ideal and g  

be any fuzzy Γ  -left ideal of Γ  -AG-groupoid S , then 

gf ∩  is a fuzzy Γ  -quasi ideal of S  . 

 

Proof: It is easy to observe the following 

 

( )( ) ( )( ) ( ) ( ) .gfgSSfgfSSgf ∩⊆∩⊆∩∩∩ ΓΓΓΓ oooo  

 

Lemma 5: Every fuzzy Γ  -quasi ideal of a Γ  -AG-
groupoid S  is a fuzzy Γ  -AG-subgroupoid of S  . 

 

Proof: Let f  be any fuzzy Γ  -quasi ideal of S  , then 

Sfff ΓΓ ⊆ oo  and ,fSff ΓΓ ⊆ oo  therefore 

.ffSSfff ⊆∩⊆ ΓΓΓ ooo  

Hence f  is a fuzzy Γ  -AG-subgroupoid of S . 

A fuzzy subset f  of a Γ  -AG-groupoid S  is called Γ  

-idempotent, if fff =Γo
 . 

 

Lemma 6: In a Γ  -AG-groupoid S , every Γ -
idempotent fuzzy Γ  -quasi ideal is a fuzzy Γ  -bi-ideal 

of S . 

 

Proof:  Let f  be any fuzzy Γ  -quasi ideal of ,S  then 

by lemma 5, f  is a fuzzy Γ  -AG-subgroupoid. Now 

by using ),2(  we have  

 

 )()( fSfSSfSf ΓΓΓΓΓ ⊆⊆ ooooo  

 

And 

 

 .)(

)()()()()(

SfSSf

fSffffSffSf

ΓΓΓ

ΓΓΓΓΓΓΓΓ

⊆⊆

==

ooo

oooooooo
 

 

This implies that ffSSffSf ⊆∩⊆ ΓΓΓΓ )()()( oooo . 

Hence by lemma bi-ideal, f is a fuzzyΓ -bi-ideal of S  

 

Lemma 7: In aΓ  -AG-groupoid S  each one sided 

fuzzy Γ - (left, right) ideal is a fuzzy Γ -quasi ideal of 

S . 

 

Proof: It is obvious. 

 

Corollary 1: In a Γ  -AG-groupoid S , every fuzzy Γ  -
two- sided ideal of S  is a fuzzy Γ  -quasi ideal of S . 

Lemma 8: In a Γ  -AG-groupoid S , each one sided 

fuzzyΓ -(left, right) ideal of S  is a fuzzy Γ  -
generalized bi-ideal of S. 

 

Proof: Assume that f  be any fuzzy Γ  -left ideal of S. 

Let Scba ∈,,  and let Γ∈βα , . Now by using (1), we 

have )())(())(( afabcfcbaf ≥≥ βαβα  and 

)())(( cfcbaf ≥βα . Thus )()())(( cfafcbaf ∧≥βα . 

Similarly in the case of fuzzy Γ  -right ideal. 

 

Lemma 9: Let f or g is a Γ -idempotent fuzzy Γ -quasi 

ideal of a Γ -AG**-groupoid S, then gf Γo  or fg Γo  is 

a  fuzzy Γ  -bi-ideal of  S  

 

Proof: Clearly gf o  is a fuzzy Γ  -AG-subgroupoid. 

Now using lemma bi-ideal, (1), (4) and (2), we have: 

 

.)())((

)()(

)()(

)())((

)())(()())((

gfgfSf

Sffg

gffS

gffSS

gffgSgfSgf

ΓΓΓΓ

ΓΓΓ

ΓΓΓ

ΓΓΓΓ

ΓΓΓΓΓΓΓΓ

⊆=

=

=

⊆

=

oooo

ooo

ooo

oooo

oooooooo

  

 

Similarly we can show that fg o  is a fuzzy Γ  -

bi-ideal of S . 

 

Lemma 10:  The product of two fuzzy Γ  -left (right) 

ideal of a Γ  -AG**
 -groupoid S  is a fuzzy Γ  - left 

(right) ideal of S  . 

 

Proof: Let f  and g  be any two fuzzy Γ  -left ideals 

of S , then by using (3), we have: 

  

.)()( gfgSfgfS ΓΓΓΓΓ ⊆= ooooo  

 

Let f  and g  be any two fuzzy Γ  -right ideals of 

S , then by using (2), we have: 

 

.)()()()()( gfSgSfSSgfSgf ΓΓΓΓΓΓΓΓΓ ⊆== ooooooooo

 

Γ -FUZZIFICATION IN INTRA-REGULAR Γ -
AG

**
 -GROUPOIDS 

 

An element a  of a Γ  -AG-groupoid S  is called 

an intra-regular if there exists Syx ∈,    and 

Γ∈ξγβ ,,  such that yaaxa γξβ ))((=  and S  is 

called intra-regular if every element of S  is intra-

regular. 
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Note that in an intra-regular Γ  -AG-groupoid S  , 

we can write SSS =Γo  . 

 

Example 5:  Let }5,4,3,2,1{=S  be an AG-groupoid 

with the following multiplication table: 

 

dcebae

edcbad

cedbac

bbbbab

aaaaaa

edcba.

 

 
Let }1{=Γ  and define a mapping SSS →×Γ×  by 

xyyx =1  for all ,, Syx ∈  then S  is a Γ  -AG
**

 -

groupoid because xyzzyx 1)1(1)1( =  and 

)1(1)1(1 zxyzyx =  for all .,, Szyx ∈  Also S  is an intra-

regular because ,1))1(1( aaaba = ,1))1(1( dbbcb =  

,1))1(1( dcccc = ,1))1(1( eddcd =  .1))1(1( ceece =  

It is easy to observe that },{ ba  is a Γ  -two-sided 

ideal of an intra-regular Γ -AG
**

 -groupoid .S   

It is easy to observe that in an intra-regular Γ -AG-

groupoid ,S  the following holds .SSS Γ=  

 

Lemma 11: A fuzzy subset f  of an intra-regular Γ -
AG-groupoid S  is a fuzzy Γ -right ideal if and only if it 

is a fuzzy Γ -left ideal. 
 

Proof: Assume that f  is a fuzzy Γ  -right ideal of S  . 

Since S  is an intra-regular Γ -AG-groupoid, so for each 

Sa∈ there exist Syx ∈,  and Γ∈γξβ ,, such that 

yaaxa γξβ ))((= . Now let ,Γ∈α  then by using 

(1), we have:  

 
).()()))(()(())))(((()( bfybfaaxybfbyaaxfbaf ≥≥== γξβαγαγξβα  

 

Conversely, assume that f  is a fuzzy Γ  -left ideal 

of S . Now by using (1), we have: 

 

.)()())((

)))(()(())))(((()(

afaafaaxf

aaxybfbyaaxfbaf

≥≥≥

==

ξξβ
ξβαγαγξβα

 

Theorem 3: Every fuzzy Γ  -left ideal of an intra-

regular Γ  -AG**
 -groupoid S  is Γ  -idempotent. 

 

Proof: Assume that f  is a fuzzy Γ -left ideal ofS , 

then clearly ffSff ⊆⊆ ΓΓ oo . Since S  is an intra-

regular Γ -AG-groupoid, so for each Sa∈ there exist 

Syx ∈,  and Γ∈ξγβ ,,  such that yaaxa γξβ ))((=  . 

Now let Γ∈α , then by using (3) and (1) we have

.))(())(())(( aaxyyaxayaaxa γξβγξβγξβ ===  

Thus, we have: 
 

.)()()(

)())(()}())(({))((
))((

afafaf

afaxyfafaxyfaff
aaxya

=∧≥

∧≥∧= ∨
=

Γ ξβξβ
γξβ

o

 
 

Corollary 2: Every fuzzy Γ  -two-sided ideal of an 

intra-regular Γ -AG**
 -groupoid S  is Γ  -idempotent. 

 

Theorem 4: In an intra-regular Γ -AG**
 -groupoid ,S   

gfgf Γ=∩ o  for every fuzzy Γ  -right ideal f  and 

every fuzzy Γ  -left ideal g  of .S   

 

Proof: Assume that S  is intra-regular Γ  -AG
**

 -

groupoid. Let f  and g  be any fuzzy Γ -right and 

fuzzy Γ -left ideal of S , then 

 
. that implies which  and gfgfggSgffSfgf ∩⊆⊆⊆⊆⊆ ΓΓΓΓΓ ooooo

 

Since S  is an intra-regular, so for each Sa∈  there 

exist Syx ∈,  and Γ∈γξβ ,,  such that 

yaaxa γξβ ))((= . Now let ,Γ∈ψ  then by using (3), (1), 

(5) and (4) we have:    

 

.))()(())()((

))(())(())((

auvxaaaxvu

aaxyyaxayaaxa

γξβψγξβψ
γξβγξβγξβ

==

===
 

 

Therefore, we have: 

 

{ }

.))(()()(

)())()((

)())()(())((
))()((

agfagaf

aguvxaf

aguvxafagf
auvxaa

∩=∧≥

∧≥

∧= ∨
=

Γ

ξβψ

ξβψ
γξβψ

o

 

 

Corollary 3: In an intra-regular Γ-AG
**
-groupoid S  

gfgf Γ=∩ o  for every fuzzy Γ -right ideal f  and 

g  of .S   

 

Theorem 5: The set of fuzzy Γ-two-sided ideals of an 

intra-regular Γ-AG** -groupoid S forms a semilattice 

structure with identity S. 

 

Proof: Let lΓ be the set of fuzzy Γ -two-sided ideals of 

an intra-regular Γ-AG
**

 -groupoid S and f, g and 
Γ∈ Ih  , 

then clearly ΓI  is closed and by corollary 2 and 

corollary 3, we have fff Γ= o  and gfgf ∩=Γo , 

where f and g  are fuzzy Γ-two-sided ideals of S. 
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Clearly fggf ΓΓ = oo  and now by using (1), we get 

)()()( hgffghhgf ΓΓΓΓΓΓ == oooooo  . Also by 

using (1) and lemma 1, we have: 

  

.)()( fffffSSffSf ==== ΓΓΓΓΓΓ oooooo  
 

A fuzzy Γ  -two-sided ideal f  of a Γ  -AG-

groupoid S  is said to be a Γ  -strongly irreducible if 

and only if for fuzzy Γ  -two-sided ideals g  and h  of 

S , fhg ⊆∩  implies that fg ⊆  or fh ⊆ . 

The set of fuzzy Γ  -two-sided ideals of a Γ  -AG-

groupoid S  is called a Γ  -totally ordered under 

inclusion if for any fuzzy Γ  -two-sided ideals f  and 

g  of S  either gf ⊆  or fg ⊆  . 

A fuzzy Γ  -two-sided ideal h  of a Γ  -AG-

groupoid S  is called a Γ  -fuzzy prime ideal of S  , if 

for any fuzzy Γ  -two-sided f  and g  of S , 

hgf ⊆Γo  , implies that hf ⊆  or hg ⊆  . 

 

Theorem 6: In an intra-regular Γ  -AG**
-groupoid ,S  a 

fuzzy Γ -two-sided ideal is Γ -strongly irreducible if 

and only if it is Γ -fuzzy prime. 

 

Proof: It follows from corollary 3. 

 

Theorem 7: Every fuzzy Γ -two-sided ideal of an intra-

regular Γ -AG**
-groupoid S  is Γ -fuzzy prime if and 

only if the set of fuzzy Γ -two-sided ideals of S is Γ -

totally ordered under inclusion. 

 

Proof: It follows from corollary 3. 

 

Theorem 8: For a fuzzy subset f  of an intra-regular 

Γ -AG
**

-groupoid, the following statements are 

equivalent. 

 

)(i   f  is a fuzzy Γ -two-sided ideal of .S   

)(ii   f  is a fuzzy Γ -interior ideal of S . 

 

Proof: :)()( iii ⇒  Let f be any fuzzy Γ -two- sided 

ideal of ,S  then obviously f is a fuzzy Γ -interior 

ideal of S . 

:)()( iii ⇒  Let f  be any fuzzy Γ  -interior ideal of 

S and Sba ∈, . Since S is an intra-regular Γ -AG-

groupoid, so for each Sba ∈,  there exist Svuyx ∈,,,  

and Γ∈ηψδγξβ ,,,,,  such that yaaxa γξβ ))((=  

and vbbub ηψδ ))((=  . Now let Γ∈,α  , thus by using 

(1), (3) and (2), we have: 
( ) ( )( ) ( ) ( )( )

( ) ( )( )( ) ( ) ( )( )( ) ( ).
)())(

afaxyabfaxaybf

aaxybfbyaaxfbaf

≥==

==

ξβαγξβαγ
ξβαγαγξβα  

 

Also by using (3), (4) and (2) we have: 

 
( ) ( )( )( ) ( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( )( )( ) .)()()(

)()()(

bfbavbufbbuavf

vabubfvabbufvbbuafbaf

≥==

===

ηδαψηψαδ
ηαψδηαψδηψδαα  

 

Hence f  is a fuzzy Γ -two- sided ideal of .S  

  

Theorem 9: A fuzzy subset f  of an intra-regular Γ -
AG

**
-groupoid is fuzzy Γ -two-sided ideal if and only if 

it is a fuzzy Γ -quasi ideal. 

 

Proof: Let f  be any fuzzy Γ -two-sided ideal of S , 

then obviously f  is a fuzzy Γ -quasi ideal of S . 

Conversely, assume that f  is a fuzzy Γ  -quasi 

ideal ofS , then by using corollary 2 and (4), we have: 

 

.)()()()( fSffSSSSffSf ΓΓΓΓΓΓΓΓ === oooooooo

 

Therefore, ffSSfSf ⊆∩= ΓΓΓ )()( ooo  . Thus f  

is a fuzzy Γ  -right ideal of S  and by lemma 11, f  is a 

fuzzy Γ  -left ideal of S . 

 

Theorem 10: For a fuzzy subset f  of an intra-regular 

Γ  -AG**
 -groupoid ,S  the following  conditions are 

equivalent. 

 (i) f  is a fuzzy Γ -bi-ideal of .S   

(ii) f  is a fuzzy Γ -generalized bi-ideal of S . 

 

Proof: :)()( iii ⇒  Let f  be any fuzzy Γ  -bi-ideal of

S , then obviously f  is a fuzzy Γ -generalized bi-ideal 

of S . 

:)()( iii ⇒  Let f  be any fuzzy Γ  -generalized 

bi-ideal of S  and  ., Sba ∈  Since S is an intra-regular 

Γ -AG-groupoid, so for each Sa∈  there exist Syx ∈,  

and Γ∈ξγβ ,,  such that yaaxa γξβ ))((= . Now let 

Γ∈,,δα , then by using (5), (4), (2) and (3), we have: 

 

.)()()))))((((()))())((((

))))(()((())))(()(((

)))())(((())))(((()(

bfafbauvxafbaauvxf

bxuvaafbxaauvf

bvuaaxfbyaaxfbaf

∧≥==

==

==

αξβγδαξδβγ

αδβγξαδξγβ
αδγξβαγξβα  

 

Therefore, f  is a fuzzy bi-ideal of S. 
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Theorem 11: For a fuzzy subset f  of an intra-regular 

Γ -AG
**

 -groupoid ,S  the following  conditions are 

equivalent. 

(i) f  is a fuzzy Γ  -two- sided ideal of S. 

(ii) f  is a fuzzy Γ  -bi-ideal of S . 

 

Proof: :)()( iii ⇒  Let f  be any fuzzy Γ  -two- sided 

ideal of ,S  then obviously f  is a fuzzy Γ  -bi-ideal of 

S . 

:)()( iii ⇒  Let f  be any fuzzy Γ -bi-ideal of S . 

Since S  is an intra-regular Γ -AG-groupoid, so for each 

Sba ∈,  there exist Svuyx ∈,,,  and Γ∈ηψδγξβ ,,,,,  

such that yaaxa γξβ ))((=  and vbbub ηψδ ))((=  . Now 

let ,Γ∈α  then by using (1), (4), (2) and (3) we have: 

 

( ) ( )

( )
( )

.)()()(

))))))((((((

))))))((((((

))))))(((()(((

))))(()))(((((

)))))((())((((

)))))((())((((

)))((()))(((

))())((())())(((

)))(()(())))(((()(

afafaf

aabyxyxaf

aaabyxyxf

axbyxyaaf

axaabyxyf

aybyxaaxf

ayaaxbyxf

aabyxfbyxaaf

aaxbyfbyxaaf

aaxybfbyaaxfbaf

=∧≥

=

=

=

=

=

=

==

==

==

αγβξβξγ
αγγβξβξ
αγβξβγξ
αγξγβξβ
αγβξγξβ
αγξβγβξ

αγβξβξαγ
ξαγββαγξ
ξβαγαγξβα

 
 

Now by using (3), (4) and (1) we have: 

 

( )
( )
( )
( )
( )
( )
( )
( ) ( ) ( ).

))))))((((((

))())))(((((

)))))(((()((

)))(()))((((

))))((())(((

))))((())(((

)))((()))(()((

)))(()(())())((()))((()(

bfbfbf

bbuavvubf

bbbuavvuf

buuavvbbf

bubbuavvf

bvuavbbuf

bvbbuuavf

bbuavfuavbbf

ubbavfvabbufvbbuafbaf

=∧≥

=

=

=

=

=

=

==

===

αηηδδψψ
αηψηδδψ

αηηδδψψ
αηψψηδδ
αηηδψψδ
αηψδψηδ

αψηδηδαψ

ηψαδηαψδηψδαα

  

 

Theorem 12: Let f  be a subset of an intra-regular Γ  -

AG
**

-groupoid ,S  then the following conditions are 

equivalent. 

(i) f  is a fuzzy Γ  -bi-ideal of S . 

(ii) ffSf =ΓΓ oo )(  and .fff =Γo   

 

Proof: :)()( iii ⇒  Let f  be a fuzzy Γ -bi-ideal of an 

intra-regular Γ -AG
**

-groupoid S . Let Aa∈ , then there 

exists Syx ∈,  and Γ∈ξγβ ,,  such that yaaxa γξβ ))((= . 

Now let Γ∈α , then by using (3), (1), (5), (4) and (2) 

and we have: 

aapaaauvxuvyxxa

aaaauvxuvyxx

aaxuvyxxuvaa

aaxuvyxxaauv

aaxuvyaaxxuv

aaxuvaayxxuv

aaxaauvyxxuv

aavuaaxyxxuv

aaayxxuvauvayxxa

auvaxyxaauvaxayx

auvxyaxaayaxaxvu

ayaaxxyaaxyyaxayaaxa

γγγγβαξαβγξγβ
γγββαξαβγξγ
γγαβγξγβαβξ
γγαβγξγβξβα

γγαβγξξβγβα
αγαβγξξβγβα
γγαξγβξβγβα
γγαγξβξβγβα

γγξβγβαγγβξβγα
γγβξβγαγγβξβαγ
γγβαγξβγγξβξβα

γγξβξβγξβγξβγξβ

)()))))())))((()((((((

)))())())))((()(((((

)))))))((()(()(()(((

)))))))((()(()(()(((

)))))))((()(()(()(((

)))))))(()((()(()(((

)))))))(()((()(()(((

))))))())(((()(()(((

))))()(()((())()))()((((

))()))()(((())()))(()(((

))())))((((()))))(((()((

)))))((((())(())(())((

==

=

=

=

=

=

=

=

==

==

==

====

 

 

where, 

  

).))())))((()(((( auvxuvyxxap βαξαβγξγβ=  

  

Therefore, 

 

{ } { }

{ }
).()(1)(

)()())))())))((()(((((

)()()()())(())()((
)(

afafaf

afaSauvxuvyxxaf

afaSpfafpaSfafSf
papaapaa

=∧∧≥

∧∧≥

∧≥∧= Γ
=

Γ
=

ΓΓ ∨∨
βαξαβγξγβ

oooo

 

Now by using (3), (1), (5) and (4) we have: 

 

apaayxuvxa

aaayxuvxaxuvxyaa

axuvxaayaxuvaaxy

axaauvxyavuaaxxy

aaxyyaxayaaxa

γβγξαβγβ
γξβξαβγγαβγξβξ
γαβγξξβγαβγξξβ
γαξγβξβγαγξβξβ

γξβγξβγξβ

)()))))(((((

))())))((((()))))(((()((

)))))((()((()))))(()((((

)))))(()(((())))())(((((

))(())(())((

==

==

==

==

===

 

 

where, ).)))(((( yxuvxp ξαβγ=  Therefore: 

 
{ }

{ }

).())))))((((((

)()()(1)(

)()()(

)())(())()((

)(

)()(

)(

)(

afayxuvxaf

afafafaf

afpSaf

afpaSfafSf

apaa

apaaapaa

papaapaa

apaa

=≤

∧=∧∧=

∧







∧=

∧=

∨

∨∨

∨∨

∨

=

==

==

Γ
=

Γ

γξαβγβ

β

γβ

γβγβ

ββγβ

γβ

ooo

 

 

Thus .)( ffSf =ΓΓ oo  As we have shown that:  

 
.)))))())))((()(((((( aaauvxuvyxxaa γγβαξαβγξγβ=  

Let apa γ= where 

  
.))))())))((()((((( aauvxuvyxxap γβαξαβγξγβ=  

 

Therefore, 
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{ }

).()()()(

)()))))())))((()(((((())((

afafafaf

afaauvxuvyxxafaff
apa

=∧∧≥

∧= ∨
=

Γ γβαξαβγξγβ
γ

o

 

Now by using lemma 2, we get .fff =Γo   

:)()( iii ⇒  Assume that f  is a fuzzy subset of an intra-

regular Γ -AG
**

-groupoid S  and let Γ∈γβ , , then 

 

{ } ).()()(1)()()()(

)}())({()))(()(())((
)()(

zfxfyfxfyfaSxf

yfxaSfyaxfSfyaxf

axax

yaxyax

∧=∧∧≥∧∧≥

∧==

∨

∨

=

Γ
=

ΓΓ

ββ

γβγβ

γβγβ ooo

 

Now by using lemma 2, f  is fuzzy Γ  -bi-ideal of .S   

 

Theorem 13: Let f  be a subset of an intra-regular Γ -

AG
**

 -groupoid ,S  then the following conditions are 

equivalent. 

 

)(i   f  is a fuzzy Γ -interior ideal of S . 

)(ii   .)( fSfS =ΓΓ oo   

 

Proof: :)()( iii ⇒  Let f  be a fuzzy Γ  -bi-ideal of 

an intra-regular Γ  -AG
**

 -groupoid S . Let Aa∈  , then 

there exists Syx ∈,  and Γ∈ξγβ ,,  such that 

yaaxa γξβ ))((=  . Now let Γ∈α  , then by using (3), (5), 

(4) and (1) we have: 

 

.)))((())()((

))()(())(())((

yaxuvyuvxa

yaxvuyaxayaaxa

γβαξγξβα
γξβαγξβγξβ

==

===  

 

Therefore, 

 

{ }

{ }

).(1)(1

1)())(((

)())))(((())()((

))(())((

)))(((

afaf

afxuvS

ySaxuvfSaSfS

axuvaxuv

yaxuva

=∧∧≥

∧∧≥

∧=

∨

∨

=

Γ
=

ΓΓ

αξ

βαξ

βαξβαξ

γβαξ

ooo

 

 

Now again: 

 
{ }

{ }

).()))(((

)(1)(1

)()()(

)())()(())()((

))((

))(())((

))(())(())((

))((

afyaaxf

aafaaf

ySaafxS

ySaaxfSaSfS

yaaxa

yaaxayaaxa

aaxaaxyaaxa

yaaxa

=≤

=∧∧=

∧







∧=

∧=

∨

∨∨

∨∨

∨

=

==

==

Γ
=

ΓΓ

γξβ

ξξ

ξ

ξβ

γξβ

γξβγξβ

ξβξβγξβ

γξβ

ooo

 

 

Hence it follows that .)( fSfS =ΓΓ oo   

:)()( iii ⇒  Assume that f  is a fuzzy subset of an intra-

regular Γ -AG
**

 -groupoid S  and let Γ∈γβ , , then: 

{ }

{ } ).()()()((

)())(()))(()(())((
)()(

afySafxS

ySaxfSyaxSfSyaxf

axax

yaxyax

≥∧∧≥

∧==

∨

∨

=

Γ
=

ΓΓ

ββ

γβγβ

βγβγβ ooo

 

Lemma 12: Let f  be a fuzzy subset of an intra-regular 

Γ  -AG**
-groupoid ,S  then SfffS ΓΓ == oo  . 

 

Proof: Let f  be a fuzzy Γ -left ideal of an intra-

regular Γ -AG
**

 -groupoid S  and let ,Sa∈  then there 

exists Syx ∈,  and Γ∈ξγβ ,,  such that yaaxa γξβ ))((=   

Let Γ∈α , then by using (5), (4) and (3) we have: 

 

).))((()())((

))(()())(()()())(())((

auvxaaauvx

xuvaaxaauvvuaaxyaaxa

αβξγαγβξ
αβγξαξγβαγξβγξβ

==

====

 
Therefore: 
 

).()(

}1)({

)}))((()({))((

)))(((

)))(((

)))(((

afaf

af

auvxSafaSf

ayexaa

auvxaa

auvxaa

==

∧=

∧=

∨

∨

∨

=

=

=
Γ

αβξγ

αβξγ

αβξo

 

 
The rest of the proof can be followed from lemma 1. 
 

Theorem 14: For a fuzzy subset f  of an intra-regular 

Γ  -AG**
 -groupoid S, the following  conditions are 

equivalent. 
 

)(i   f  is a fuzzy Γ -left ideal of .S   

)(ii   f  is a fuzzy Γ -right ideal of S . 

)(iii   f  is a fuzzy Γ  -two-sided ideal of S . 

)(iv   f  is a fuzzy Γ  -bi-ideal of S . 

)(v   f  is a fuzzy Γ  -generalized bi- ideal of S . 

)(vi   f  is a fuzzy Γ  -interior ideal of S . 

)(vii   f  is a fuzzy Γ  -quasi ideal of S . 

)(viii   SfffS ΓΓ == oo . 

 

Proof: :)()( viiii ⇒  It follows from lemma 12. 

:)()( viiviii ⇒  It is obvious. 

:)()( vivii ⇒  Let f  be a fuzzy Γ -quasi ideal of an 

intra-regular Γ -AG
**

-groupoid S and let ,Sa∈ then 

there exists Scb ∈,  and Γ∈ξγβ ,,  such that 

.))(( caaba γξβ=  Let Γ∈ηδ ,  , then by using (3), 

(4) and (1), we have: 
 

))))(((()()))(((

)))(()(()))(()((

))())((()))((()(

abxcyaaabxcy

ybxcaaybaaxc

ycxaabycaabxyax

ξγβδηξηγβδ
ηγβδξηγξδβ

ηγδξβηγξβδηδ

==

==

==
 

and from above: 
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.))))((((

)))((()()()))((()(

aaybxc

ybxcaaaabxcyyax

ηδξγβ

ξγβηδξηγβδηδ

=

==  

 

Now by using lemma 12, we have: 

 

).))((()))(((

))))((()(())((

yaxfSyaxSf

yaxfSSfyaxf

ηδηδ

ηδηδ

ΓΓ

ΓΓ

∧=

∩=

oo

oo
 

 

Now: 

 
{ } )())))(((()()))(((

))))(((()(

afabxcySafyaxSf
abxcyayax

≥∧= ∨
=

Γ ξγβδηδ δ
ξγβδηηδ

o

 

 

And 

 
 ( ) { } ).()())))(((())((

))))(((()(

afafaybxcSyaxfS
aaybcxyax

≥∧= ∨
=

Γ δξγβηδ
ηδ

o
 

 

This implies that )())(( afyaxf ≥ηδ  and 

therefore f  is a fuzzy Γ -interior ideal of .S   

:)()( vvi ⇒  It follows from theorems 8, 11 and 10. 

:)()( ivv ⇒  It follows from theorem 10. 

:)()( iiiiv ⇒  It follows from theorem 11. 

:)()( iiiii ⇒  It is obvious and )()( iii ⇒  can be followed 

from lemma 11. 

 

CONCLUSION 

 

In this study we introduced Γ -ideals in Γ - AG-

groupouds. We showed that Γ -AG-groupoids satisfy 

all the laws that is, gamma left invertive law, gamma 

medial and gamma paramedical laws. Moreover we 

introduced gamma intra-regular AG-groupoids and 

characterized gamma ideals. In our future we will focus 

on some new characterizations of gamma AG-

groupoids. 
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