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Abstract: In this study, several novel numerical solutions are presented to solve the turbulent filtration equation and 
its special case called “Non-Newtonian mechanical filtration equation”. The turbulent filtration equation in porous 
media is a very important equation which has many applications to solve the problems appearing especially in 
mechatronics, micro mechanic and fluid mechanic. Many applied mechanical problems can be solved using this 
equation. For example, non-Newtonian mechanical filtration equation solves many filtration problems in fluid 
mechanic. The novel proposed discrete numerical solutions are simulated in MATLAB/simulink environment to 
validate the theoretically numerical solutions and proofing that the proposed numerical solutions are realizable. 
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INTRODUCTION 

 

The equation of turbulent filtration in porous 

media, which appears in many problems of mechanical 

systems, contains the p-Laplacian operator defined as 

the form of Δp
u = div (|∇u|p-2∇u).                                                              

Recently some researches related to the subject 
have been published. A numerical method to solve the 
problems related to the fluid mechanics described with 
the equations containing the p-Laplacian operator 
presented in Gabriella (2008). Reaction-diffusion 
problems, fluid flows through certain types of porous 
media and Lane-Emden equations for equilibrium 
configurations of spherically symmetric gaseous stellar 
objects were described respectively in Ahmed and 
Sunada (1969). Also the solutions of the Emden-Fowler 
equation, the Einstein-Yang-Mills equations, nonlinear 
elasticity, glaciology and petroleum extraction appeared 
in Bartnik and McKinnon (1988), Otani (1984) and 
Schoenauer (1983). Finite difference schemes and non-
standard finite difference models for partial differential 
equations presented in Berezin et al. (1998) and 
Damascelli et al. (1999). Some other researches related 
to the turbulent filtration equation have been published 
in Drabek et al. (1998), Drabek and Manásevich 
(1999), Huang (1997), Langtangen (2003), Daniel 
(2005), Morton and Mayers (2005), Lemos (2010) and 
Lemos (2012).  

In this study, several novel numerical methods for 
solving the turbulent in porous media and non-
Newtonian filtration equations are presented. 
Nonlinearity behavior of the turbulent in porous media 
and non-Newtonian filtration equations make 

impossible to find explicit solutions for them. In fact, 
finding analytical solutions of the above two equations 
are impossible. So, the objective of this study is to find 
several novel numerical methods and schemes to find 
some high accurate discrete solutions for the turbulent 
filtration equation and its special case “Non-Newtonian 
mechanical filtration equation”.  
 

TURBULENT AND NON-NEWTONIAN 

FILTRATION EQUATIONS 

 

By scaling the constants, the equation of turbulent 

filtration in porous media is as following (Gabriella, 

2008): 

 

 n
p u

t

u




                                       (1) 

 

By replacing n = 1 in (1) the non-Newtonian 

filtration equation can be find as the following 

equation: 

 

u
t

u
p



                                        (2) 

 

Consider u (t, x, y, z), the discrete form can be 

described as the form of ui
j, k, l where i represents the 

discrete time and j, k, l the spatial coordinates. The 

steps of discrete values for t, x, y and z are h, h1, h2 and 

h3 respectively. A grid of points in the R4 space of (t, x, 

y, z) is introduced, so Δu is a vector as following: 
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 (3) 

 
By introducing the new operator as the following 

equation: 
2

, , , , , ,( , , )
pi i i

j k l j k l j k lq r s u u


                           (4) 

 
It can be found that: 
 

, , , , , ,( , , )i i i

j k l j k l j k lq r s 
 

 

(5) 

 
It results that: 
 

  ),,.(div ,,,,,,

2 i
lkj

i
lkj

i
lkj

p

p srquuu 


 
(6) 

 
NUMERICAL SOLUTIONS OF NON-

NEWTONIAN FILTRATION EQUATION 
 
First numerical solution: By considering the Non-
Newtonian filtration equation described by (2) and 

using (6), the first numerical solution can be earned as 
following:  
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Second numerical solution: A second numerical 
solution can proposed as following:  
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Example 1: Assume that initial condition is u (0,  x,  y, 
z) = x - 2y + z and also boundary conditions are:  

 
yxtzyxtu 22)0,,,(   

 
122)1,,,(  yxtzyxtu  

 
zxtzyxtu  2),0,,(  

 
zxtzyxtu  22),1,,(  

 

 
 

(a)
 

 

 
(b) 

 
Fig. 1: (a) First numerical solution of the non-newtonian filtration equation (u (t = 0.5, x, y, z = 0.5) v.s axis x and axis y), (b) 

second numerical solution of the non-newtonian filtration equation (u (t = 0.5, x, y, z = 0.9) v.s axis x and axis y)
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zytzyxtu  212),,1,(  

 
Figure 1a, b shows the numerical solutions results 

of the Non-Newtonian filtration equation by 
implementing the first and second numerical solutions 
described by (7) and (8), respectively. The numerical 
solutions have been done in MATLAB using the above 
conditions and by considering p = 3.  

 
Third numerical solution: The third numerical 
solution has the right-hand side as the average of the 
two right-hand sides of (7) and (8). It can be written as 
the following equation: 
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Fourth numerical solution: The fourth numerical 
solution is as the following form:  
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Fifth numerical solution: The fifth numerical solution 
can be written as: 
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(a) 

 

 
 

(b) 

 
Fig. 2: (a) Fourth numerical solution of the non-newtonian filtration equation (u (t = 0.5, x, y, z = 0.9) v.s axis x and axis y), (b) 

fifth numerical solution of the non-newtonian filtration equation (u (t = 0.5, x, y, z = 0.5) v.s axis x and axis y) 
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(a) 

 

 
 

(b) 

 
Fig. 3: (a) Seventh numerical solution of the non-newtonian filtration equation (u (t = 0.5, x, y, z = 0.9) v.s axis x and axis y), (b) 

eighth numerical solution of the non-newtonian filtration equation (u (t = 0.5, x, y, z = 0.5) v.s axis x and axis y) 

 

Example 2: The results of the fourth and fifth 

numerical solutions of the Non-Newtonian filtration 

equation have been shown in Fig. 2a, b by considering 

zyxzyxu  22),,,1(  as the limited time 

condition. 

 

Sixth numerical solution: The sixth discrete solution 

is as the form of: 
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Seventh numerical solution: The seventh discrete 

solution is as the following: 

3

,,1,,2,,

2

,,,1,,2,

1

,,,,1,,2,,

1

,,

2

43

2

43

2

43

h

sss

h

rrr

h

qqq

h

uu

i

lkj

i

lkj

i

lkj

i

lkj

i

lkj

i

lkj

i

lkj

i

lkj

i

lkj

i

lkj

i

lkj




















           (13) 
 

Eighth numerical solution: The eighth discrete 

solution is as the following form: 
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The results of the seventh and eighth discrete 

numerical solutions have been shown in Fig. 3a, b using 

the same conditions. 
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(a)

 
 

(b) 

 
Fig. 4: (a) First numerical solution for Eq. (1) with n = 4 (u (t = 0.5, x, y, z = 0.9) v.s axis x and axis y), (b) second numerical 

solution for Eq. (1) with n = 4 (u (t = 0.5, x, y, z = 0.5) v.s axis x and axis y) 

 

NUMERICAL SOLUTION OF TURBULENT 

FILTRATION EQUATION IN POROUS MEDIA 

 

Consider the turbulent filtration Eq. (1), by 

defining w = un, it can be changed to the following 

equation: 
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so that: 
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So, similarly with the previous section, the 

following discrete numerical solutions can be derived. 

 
First numerical solution: The first numerical solution 

can be earned as the following:  
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Second numerical solution: The second numerical 

solution is as the following:  
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Third numerical solution: The third numerical 
solution is as the following: 
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Example 3: The results of the first and second discrete 
numerical solutions of the turbulent filtration equation 
(Eq. (17) and (18)) have been shown in Fig. 4a, b using 
the same conditions and for n = 4. 
 

CONCLUSION 
 

In this study, several numerical solutions were 
presented to solve the turbulent filtration equation and 
its special case which is the non-Newtonian mechanical 
filtration equation. The results of the proposed discrete 
numerical solutions were simulated using the 
MATLAB software to proof that the proposed 
numerical solutions are realizable.  
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