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Abstract: A power penalty approach has been proposed to linear complementarity problem but not to Horizontal
Linear Complementarity Problem (HLCP) because the coefficient matrix is not positive definite. It is skillfully
proved that HLCP is equivalent to a variational inequality problem and a mixed linear complementarity problem for
the first time. A power penalty approach is proposed to the mixed linear complementarity problem based on
approximating the HLP by a nonlinear equation. It has been proved that the solution to this equation is feasible and
converges to that of the HLP at a rate of at least 0(1)7%/2 in the Euclidean norm.
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INTRODUCTION

Consider a horizontal linear

problem as follows:

complementarity

Problem 1: Given A ¢ R™, B ¢ R™ are matrixes and q
¢ R"is a vector, find a pair x, y £ R" such that:

Ax-By =q (1)
x<0 2
y<0 3)
x'y=0 4)

It is worth noting that HLP becomes LCP if B =1
and if B is nonsingular, HLCP can reduce to LCP. So
HLCP is the generalization of LCP. HLCP also includes
the Linear Optimization (LO) and Convex Quadratic
Optimization (CQO) (Zhang, 1994). LCP arise in many
mathematical models from economy and technology.
And various approaches to LCP are developed in recent
years which are based commonly on Newton’s method
and Interior-Point Methods (IPMs). Some alternative the
weighted path-following interior-point methods were
proposed. Ding and Li (1998) studied the weighted path-
following methods for LCP. Jansen et al. (1996)
presented the primal-dual target-following algorithms
for LO. Some IPMs for LO, CQO and LCP have been
extended to HLCP, Such as Bonnans and Gonzaga
(1996) studied the HLCP, (Huang, 2000) proposed

an high-order feasible interior point method for HLCP
with O(\n log &y/e) iterations. Sturm (1999) derived the
superlinear convergence properties for monotone linear
complemntarity ~ problem  under  no strictly
complementary solution exists. Zhang and Zhang (1995)
presented a class of infeasible IPMs for HLCP.

However, there was a limited study of penalty
methods for LCP. Recently, (Wang and Xiaoqi, 2008)
first presented a power penalty method for LCP in R"
based on approximating the LCP by a nonlinear
equation and (Huang and Wang, 2010) developed it to
NLCP and shown that the solution to the penalty
equation converges to that of the NCP in the Euclidean
norm at a rate of at least O(A™%). Inspired by their study,
we develop a power penalty method for solving HLCP,
based on the idea in Wang and Xiaoqi (2008) and
Huang and Wang (2010). We first approximate the HLP
by a nonlinear system of equations in which a power
penalty term with a penalty constant A>land a power
parameter k>0 are contained. If coefficient matrixes A,
B obey the Assumption A1, we show that the solution to
the penalty equation converges to that of the HLP in the
Euclidean norm at a rate of at least O(A ™).

In this study, we use [ H,, to denote the usual l,-norm

on R" for any p>1. When p = 2, it becomes the
Euclidean norm. [u]; = max {u, 0}, [u] = min {-u, 0},
and Yo = (ycla yGZV"a ch)T for any 'y = (Yb Y25--15 YH)T
and constant 6>0.The outline of the study is as follows.
In next section, we briefly introduce the problem, prove
skillfully that HLCP is equivalent to a variation
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inequality problem and a mixed linear complementarity
problem and give its penalty formulation.

THE PROBLEM AND ITS PENALTY
FORMULATION

Let the cone:
K ={x", y") [ xeR" yeR" y<0} (5)

which is a closed, convex and self- dual in R
If we let:

Ax—-By—q j

F(x,y):[(l_ﬂA)x+ﬂBy+ﬂq (6)

and B is a constant and define the following variational
inequality problem corresponding to Problem 1.

Problem 2: Find (x", y")" such that for all (u’, v')" ¢ K:

() v VR

It can easily be shown that the variational inequality
problem is equivalent to a mixed linear
complementarity as follows:

Find a pair x, y € Rn such that:

G(x,y)zAx—By—qu
y<0
H(x,y)z([—ﬁA)x+ﬂBy—ﬂq£0
yTH(x,y)zo (8)

We can prove Problem 1 and 2 is equivalent,
namely, the Theorem 2 is true:

Proposition 1: (x', y")" is a solution for Problem 1 if
and only if (x", y")" is a solution of Problem 2 at one
time.

Proof: If (x', y')' is a solution for Pronlem 1, it is
obvious (x', y')" & K and for any (u', v')" & K, we
have:

(1) o

_ =v' x>0

v y (1—ﬂA)x+,BBy+ﬂq

since v<0 and x<0. Therefore, (x', y")" is a solution of
Problem 2.

Conversely, if (x", y')" is a solution of Problem 2, we
have y<0. We first prove:

(I—ﬂA)x—ﬂBy—ﬂqSO

If it were not true, then there would exist at least an
index i, such that the i component of:

(1-pA)x—pBBy-pq
Satisfies:
[(1-BA)x—pBy—pq] >0
Since (u', v')" € K is arbitrary, we choose u = x and:

Vs J#IQ
V:
yi_gaj:i

For j = 1, 2,..., n and an arbitrary constant £>0.
Substituting this into (2) gives:

WJ) (e oy )
=(v=y,)[(1-BA)x+ BBy +ﬁql
=—¢[(I-pA)x+pBy+pq] <0

This contradicts the fact that (x", y')" is a solution
to Problem 2. Thus, we have:

(I-pBA)x=pBy-pq<0

Next, we show that Ax-By-q = 0. If it is not true,
there must exist at least one indexi, such that (Ax-By-
q); #. Now we choose u and v satisfying v =y and:

X, j#I
u=
X; —gsgn[(Ax—By—q)i], j=i

For j 1, 2,..., n, where, sign denotes the sign function
and an arbitrary constant £>0. Substituting this into (2)
yields:

-V E S )
=(u, —x,)(4x-By—q),
= —ssgn[(Ax—By—q)‘](Ax—By—q)‘, <0

Which is impossible as (x', y")' is a solution to
Problem 2. Therefore, we have Ax-By-q = 0.
So we have x<0 from the facts:

(I—ﬂA)x—ﬁBy—,Bq <0
And,

Ax—By—-q=0
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Finally, let us show that x' y = 0. Since (u', v')" &€ K is
arbitrary, we choose (u', v')', respectively as follows:

(uT,vT)T = (xT,ZyT )T

And,

r .\ _ TlTT
(u,v)—x,zy

Substituting these into (7) respectively and noticing Ax-
By-q = 0 yields:

GG o o)

=y'x>0

v y (l—ﬂA)x+ﬂBy+,Bq
1 r
=—— >0
2 7
So we can deduce x'y = 0. This completes the proof of
the proposition.

Next, we present a power penalty method for
Problem 1. Consider the following penalty problem:

Problem 3: Finding (xTx, ka)T € Rzn, such that:

0
(p;.(xsy):F(x;.ayz)"'ﬂ{ 1J=0
yi]f

)
_ Ax — By —q L
where, F(x, y) = [(1 — BA)x + BBy + ﬁq] which is
equivalent to:
[Ax;. - By, _qj+ﬂ[o 1J:0
Y [v. ]t (10)

And A>1 and k>0 are parameters.

This is penalized equations corresponding to
Problem 1, where the penalty term penalizes the
positive part of y,. When A—o0, we expect that the
solution (x';, y'5)" of the problem 3 converges to that
of Problem 1. From (10), it is obvious that x;<0, y,<0
in this way we can get a feasible solution which differs
obviously from Wang and Xiaoqi (2008) and Huang
and Wang (2010) and the rate of convergence depend
distinctly on both of the parameters in the penalty term.

CONVERGENCE ANALYSIS

In this section we first give a assumption, and based
on this assumption, Problem 3 has unique solution and

establish some upper bounds for the distance between
the solution the Problem 2 and 3, respectively which are
based on the following assumption on the coefficient
matrix H:

Al: There exist constant B such that coefficient matrix:

{ A —B}
H=
I-pBA4 pBB

is positive definite, i.e., there exist constants  and
a > 0 such that 27 7 > a"Z”z for any zeR™.

Remark 1: Under the Assumption Al, we have no
difficulty to proof that:

F B Ax—By—q
(x.7)= (1—,6’A)x+ﬁBy+,b’q

is strong monotone and can proof @, (X, y) is also strong
monotone. So we can draw conclusion based on theory
of variational inequality that the problem 2 has unique
solution and we can affirm that the problem 3 has
unique solution.

Remark 2: when B =1 and A positive definite, H is
positive definite if and only if B[21 - BA(A+AT) ' AT] is
positive definite. If we choose P satisfying 0 < f <

2 . . .
PR where, Am.x 1s the maximal eigenvalue of
max

A(A + AT)™L, H is positive definite Which weaken the
conditions in Wang and Xiaoqi (2008).

Theorem 1: Under the Assumption Al:

0
¢A(x7y):F(any4)+ﬂ“[ IJ
yi]ll

is strong monotone.

Proof: In fact: for any:

(xT,yT>T (MT,VT)T c R

((xTvyT)_(uTva))(q)/l(xay)_(o/l(uav))

=((¢ ")~ (0" )(F ) - Fuw)
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F(x,p)=F(u,v))]+

A f[[y ] [[v ]J

VI(F G )= Fu,v)]

+z<y—v>f<[y12—[v]%>
>((«".")- “T»VT))[(F(xy) F(u,v))]

(
>0{” T) (u ,vr))

So Problem 3 has unique solution based the Theorem
2.3.3 of Facchinei and Pang (2003).

In the rest of our discussion, we start our
convergence analysis with the lemma as follow:

Lemma 1: Let (x5, y'3)" be the solution to Problem 3
for any A>0, then there exists a positive constant M
which is independent of (XT;L, yT;L)T, A and K, such that:

“(x/{’yg )Hz =M (11)

Proof: let (x';, yT;L)T be the solution to Problem 3 for
any A>0, Left-multiplying both sides of (9) by (x';,
y')! gives:

0
(xfayﬁ)¢(xpy;.)+/1(x§,y§)[ IJZO
[v. ]}

(.97 )80z 3+ AVE [y, ] =0 .

Since
1
[yﬂ]k —[y,i] [y;] 20
We haVe (XTM yT)n) F(XM YL) SO SO (XTM yTK) F(X)w

v,) -F(0, 0)) <- (x5, ") F(0, 0) Using Cauchy-Schwarz
inequality and F(x, y) is strong monotone, we have:
2

oLl e on =z 3 ]

Therefore, ||(x],v1 )T”2 < M, where, M is obviously

(o4 <

|F©.0), =

2

independent of (x', y',)", L and k.

Remark 3: F (x, y) is continuous obviously, Lemma 1
shows that for any A>0, there exists a positive constant

L which is independent of (x';, y'»)" A and k, such
that:

[FGe .y, <L (13)

Lemma 2: let (x',, y';)" be the solution to Problem 3
for any A>0, then there exists a positive constant C
which is independent of x5, yTL)T, A and k, such that:

[[‘xﬂ ]+ j
[y A ]+ 2
Proof: Let (x5, yTx)T be the solution to Problem 3 for
any A>0,we have x,<0,which indicate [x;]. = 0, so we
only proof H[yx]+||2§C/7uk under the conditions of the
Lemma 2.

Let C be a generic positive constant which is
independent of (x';, y'»)", A and k. Left -multiplying

both sides of (7) by, ([x:]"+ [y:]'9)', i, (0, [v:]")"
gives:

ST

< C

(14)

[y, 1 x, + ALy, 1 [, ] =0 (15)

Adding both sides of (15) by -[y;]". y;. gives:

[yl]le _[J’z]Iya +/1[y/1]i [h]% = _[yﬂ]iyl (16)

Since -[v:]": v =-[y2]" [¥,]:<0 we have from (16):

AT [ =< (0T x, -1, )

T [ =%
= ([ylL,[yﬂL)[yl ]

Using Cauchy-Schwarz inequality, we have from the
above equation:

ALl

x,
<(, 1L Iy 1 )(yﬁ ]

1)

where,p=1+1/k,q=1+k and I/p + 1/q=1. By the
fact that all norms in R" are equivalent and Lemma 1,
we see that (17) implies:

< “([y,i ]Iﬂ[yl ]i)
a 7)

C
<5
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where, positive constant C is independent of (x5, y'5) A
and k. Finally, (13) follows from the above estimate.

As follows, we present and prove our main
convergence result.

Theorem 2: Let (x', y')' and (x.', y.')' be the
solutions to Problem 2 and 3, respectively. There exists

positive constant C that is independent of (x,", y,')", A
and k such that:

G

Proof: Since (x', y')"
satisfies (7):

Notice [[y]] [y/1 [y ][ya]—[yﬂ]

where, n; =x + [x,]. and 1; =y + [y, ].. Since:

C
ST/
(18)

is the solutions to Problem 2, it

x—mn,=-x;] <0, y-r,=-y,] <0

We have (; : Zﬁ) €K

[u] [y r /1 in (7), it follows:

o e

(19)
We notice that (x5, y')" is the solution to the

Problem 3, Therefore, left multiplying both sides of (9)
by "5, r'y)", we have:

T (0
(nlj F(x;.aY;.)"'l[?hj 1J:0
" " [v.]¢

Adding up (17) and (18) gives:

T 1
(7.7 ) (FCx,oy) = FCep)+Ar] [,]5 20 20)
Note that:

r [yl]f =(y+[yﬂ]_)T[yl]§ =y [y ] <0

Since y<0 and [y;]"*;>0, Thus (20) leads to:

(007 ) (F(x,,0,) - Fx,9)) 20

Or

(nh.r! ) (Fx, )~ F(x,,y,) <0

So we have:

X—X, [x1]+ '
H }r[ D (F(x,y)—F(x;,,)) <0
y=y, [y1]+

It follows that:

x—x, )
[ j (F(xay)_F(x/iayi))
Y=V

[x),]+ !
<- (F(xyy)_F(xmyﬂ))
L 1)

From the Theorem 1 and the well-known Cauchy-
Schwarz inequality, it follows that:

CHGT<l6)
y Vi 2_ RZNN "

So we have (18).

a ||F(x,y)—F(x/1,yﬁ)||2 <—

CONCLUSION

Although we do not make numerical experiments,
from theoretical results and numerical experiments in
(8-9), the power penalty approach should be effective
for obtaining the solution of linear complementarily
problem.

This study was supported by Project 70771079 of
the National Science Foundation of China.
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