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Stabilization and Control of a Spherical Robot on an Inclined Plane
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Abstract: In this study, the dynamics and control aspects of a spherical robot rolling without slipping on an inclined
plane are investigated. The planar dynamic model of the robot rolling ahead on an inclined plane is derived using
Lagrangian dynamics. Based on the equivalent control method and Lyapunov stability theorem, a decoupled sliding
mode control approach is presented for stable control of the planar motion. Utilizing the constrained Lagrange
method the three-dimensional dynamics of the robot rolling on an inclined plane are deduced. Based on input-output
feedback linearization, we develop a trajectory tracking control algorithm for the three-dimensional motion of the
robot. The validity of the proposed controllers is demonstrated through numerical simulations.
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INTRODUCTION

Among diverse types of mobile robots, spherical
robots have become increasingly attractive over the past
fifteen years. Spherical robots utilize the locomotion
principle by shifting the position of their center of mass
to generate the driving torque for cruising and they are
believed to have several benefits in certain applications.
Firstly, they have only a single point of contact with the
ground, which allows locomotion with minimal
frictions and leads to low energy locomotion for the
robotic systems. Secondly, the spherical structure of the
robotic systems makes it possible for the spherical
robots to move even in tightly constrained spaces.
Thirdly, the spherical exoskeleton protects the inner
driving mechanism and sensory equipment from
external shocks and dusts. Moreover, spherical robots
are easily made liquid and gas proof. Fourthly, there is
no chance for a robotic ball to lose mobility by falling
over. This is very critical for other types of mobile
robots, such as humanoid robots and rover robots.

Spherical robots will inevitably encounter such
situations as climbing slopes and traversing obstacles in
a wide range of their engineering applications. The
climbing ability has become one of the important
indicators for measuring the motion performance of a
spherical robot. Halme et al. (1996) analyzed the
climbing ability and obstacle surmounting capability of
a spherical robot. But they didn’t derive the dynamic
equations of the climbing motion and stable control of
the climbing motion of the spherical robot couldn’t be
realized as a result. Abbott (2000) derived the planar
dynamic model of a two-wheel vehicle, of which the

locomotion principle is similar to that of a spherical
robot, driving ahead on an incline using Lagrangian
dynamics and proposed a nonlinear feedback control
scheme to regulate the traveling velocity of the vehicle.
Although the vehicle could be controlled to maintain a
desired velocity, precise location of the vehicle couldn’t
be achieved with this velocity regulator. Yue and Deng
(2009) deduced a linear state space model for the
climbing motion of a spherical robot and presented a
LQR controller to regulate the rolling velocity of the
robot. As the control development was based on the
linear dynamical system obtained by linear zing the
nonlinear dynamics governing the climbing motion
around a non-equilibrium point, this linear controller
possessed poor robustness against systematic parameter
perturbations and external disturbances.

According to the above review, stable control of
spherical robots on an inclined plane is still rarely
covered and has not been well solved, although it plays
an important role in many practical exploring
applications. This study focuses on practical solutions
for stabilization and control of pendulum-driven
spherical robots like BYQ-VIII on an inclined plane.
BYQ-VIII is a novel spherical robot using a pendulum-
based design and the structure of the robot is shown in
Fig. 1. The spherical robot has the internal driving unit
mounted inside the spherical shell. The steering motion
of the robot is controlled by tilting the pendulum and
the driving motion is realized by swinging the
pendulum indirectly through the internal gimbal. The
main contributions of this study include two parts.
Firstly, the planar dynamics of the spherical robot on an
inclined plane are derived and a variable structure
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Fig. 1: The basic structure of BYQ-VIII

controller is proposed for set point regulation of the
planar motion. Secondly, the three-dimensional
dynamics of the spherical robot on an inclined plane are
deduced and a tracking control algorithm is presented
for stabilizing the robot to track a desired trajectory on
the inclined plane.

PLANAR DYNAMICS AND CONTROL

Planar dynamics: The robotic system can be greatly
simplified by taking advantage of its inherent geometric
symmetry. By only considering the performance within
the plane of the rolling ahead motion, we can remove
the non holonomic constraints normally associated with
a rolling sphere. We further reduce complexity by
imposing constraint conditions of no slip and no
bounce. In order to leave some generality, we assume
the planar model to be rolling on an arbitrary incline of
v degrees. The idealized planar model for the spherical
mobile robot is shown in Fig. 2 and the definition of the
model parameters is listed in Table 1.

We assume that the mass of the pendulum link is
negligible relative to the shell and eccentric mass and
we also model the eccentric mass as a point instead of a
rigid body. We impose the assumptions to reduce the
system to two coordinates: o for sphere rotation angle
and ¢ for pendulum swing angle. Using the Lagrange
equations, the dynamics of the planar motion of the
spherical robot can be described as:

M(q)§+N(q.9) = Bt (1)
where,
Ve _(m+ml. +mp)r2 +1, mprlcczs(qﬁ—y)
m,rlcos(¢—y) m,l”+1,
N _(m+m,. +mp)grsiny—mprlsin(¢—)/)¢52
i m,glsin g

B=[1 1]' q=[a ¢]
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Fig. 2: Simplified planar model for the robot

Table 1: Parameter definition of the planar model

m Mass of the spherical shell
Mass of the internal gimbal
Mass of the pendulum

Moment of inertial of the shell
Moment of inertial of the internal gimbal
Length of the pendulum

Radius of the spherical shell
Gravitational acceleration

Slope inclination angle

Torque applied to the pendulum

B

£

a4 =0 = =g

Considering the dynamic equations in (1), two
states of equilibrium can be easily derived. Firstly,
consider the case in which the robot sits stationary on
the slope. In this case, all angular velocities and
accelerations reduce to zero. When we enforce this
condition upon (1), they reduce to:

(m+m[ +mp)grsiny =m,glsing,

2)

where, we use the notation that ¢, denotes the
equilibrium value of ¢.

It stands to reason that there exists a limiting value
of the slope y after which the robot will be incapable of
holding its position. To determine this operational
boundary we solve for ¢, in the above equation. The
resulting solution is:

(m+m,. +mp)r

¢, = arcsin siny

m

! €)

Clearly, y must be bounded above and below to
ensure an inverse sine operand less than unity:

) m,l
|7| <aresin| ———————
(m +m,+m, )r

“4)

The bounds associated with (4) correspond to
stable node bifurcations at which the equilibrium
solutions coalesce and disappear. This phenomenon is
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associated with the dynamic condition of whirling in
which the robot unsuccessfully attempts to either
remain stationary or climb the slope.

The second equilibrium condition can be defined
by assuming that the robot maintains a constant velocity
over constant slope terrain. This condition can also be
satisfied by setting ¢ = 0. When this condition is
enforced upon (1), we can find the equilibrium
pendulum angle continues to satisfy (3).

Control design: Consider the following coupling
nonlinear systems which can be divided into two
subsystems as follows:

A:{x2=ﬁ(x)+bl(x)u B:{x4:.f2(x)+b2(x)u 5)

where, X = [X, X, X3, x4]T is the state vector, fi(x),
bi(x), f5(x), by(x) are nonlinear functions and u is the
control input.

Then we construct the following linear functions as
sliding surfaces for the two subsystems (Lo and Kuo,
1998):

S, =X +X, S, =CX; +X,

(6)

where, C;and C, are positive constants.

We define an intermediate variable Z, which
represents the information from subsystem A and
incorporate it into s,. Therefore, the sliding surface s,
can be modified as (Lin and Chin, 2006):

s, =¢,(x,—2)+x,

(7

Here the intermediate variable Z is related to S;.
For decoupling control, we define Z as:

z =tanh (s, /® )z,

(®)
where,
Zy  :The upper bound of abc(z), 0<Zy<1
®, :A positive constant
tanh(.): The hyperbolic tangent function defined as
follows:
51/ -5/ @,
et —e
tanh(s, /P, )=—r———
( 1/ Z) es,/qlz +efs|/<13: (9)

Since Zy is less than one, Z presents a decaying
signal. As S; decreases, z decreases too. When S; — 0,
we have z — 0, x; — 0 and then S, — 0 and the control
objective is achieved.

Differentiating (8), Zcan be calculated as:

z=a(s, D, ,zy)5

(10)
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where,
h* (s, /®_)-
a(sl’q)z’ZU)zseC (2)/ Z) 2
2

sech(sl/q)z)Zm

Differentiating (7) and using (10), we can calculate
S, as:

S, =c,x, + f, —ac, (clx2 +f1)+(b2 —aczbl)u (a0

The equivalent control U, can be obtained from S,
=0,1e.,

_oxtfimac (g +f)

eq

b, —ac,b, (12)

We further assume the control input u to take the
following form:

u=u, +ug,

(13)
Here ug, is the switching control. In order to

construct ug,, we define a Lyapunov function as V = %
s%. Using (11) and (13), we can obtain V as:

V= 8,8, =5, (b2 —ach, )uw

(14)
We choose the switching control uy, as follows:
_ nsgn(s,)+ ks,
b, —ac,b, (15)

where, 1 and k are positive constants.
Theorem 1: Suppose that the system (5) is controlled
by the control input described in (12), (13) and (15),

then the sliding surface S, is asymptomatically stable.

Proof: Substituting (15) into (14), we can obtain:

V =s,8, <—nls,|—ks; <0 (16)

Integrating both sides of (16), we have:

V(0)-V (0)< [ (~nls.|~ks? ) do (17)

From (17), we can further obtain:
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Table 2: Parameter definition of the 3D model

v, 0,9 Precession angle, lean angle and spin angle of the spherical shell respectively

b b Rotation angle of the internal gimbal and pendulum respectively

Xy Vs Zs Coordinates of the mass center of the spherical shell with respect to the inertial frame
Xiy Vis Zi Coordinates of the mass center of the internal gimbal with respect to the inertial frame
Xps Vs Zp Coordinates of the mass center of the pendulum with respect to the inertial frame

Levs, Ly, Lz Moment of inertia of the spherical shell about X, ¥ and Z direction

Loiy Ly, L2 Moment of inertia of the internal gimbal about X, Y and Z direction

Fig. 3: Coordinate system configuration for the robot

V(z):%sz2 <V (0)<w

tim [/ (s, |+ ks3 )do <V (0) < 0

t—>o

(18)

From (18), we have s,€L,, and s,€EL,. But from (16)
we have V = 5,5, < oo, then we can obtain S, € Le,,.
According to babalat’s lemma, we have lim;_,, S, = 0.

THREE-DIMENSIONAL DYNAMICS
AND CONTROL

Kinematic analysis: We assign four coordinate frames.
Let > ,XYZ be a fixed inertial frame whose XY plane is
anchored to the surface of the inclined plane and Z is
the vertical position to the surface. Let Y 53X, Y,Z;, be
the body coordinate frame whose origin is located at the
center of the sphere B. Let > X Y.Z. be the internal
gimbal coordinate frame, whose center is located at the
center of mass of the internal gimbal C. Note that Z. is
always parallel to Zy. Let > pXqY4Zy be the pendulum
coordinate frame, whose center is located at point D.
Note that Y, is always parallel to Y.. The variable
definition of the robot model is listed in Table 2 and the
coordinate system configuration of the robot is shown
in Fig. 3.

Let (I, j, k) and (I, m, n) be the unit vectors of the
coordinate frames ) and Dy respectively. Then the
transformation between the two coordinate frames is
given by:

i l cc, -S, C,S,
j|=R|m| R]= sc C, S,S,
k n =S, 0 C,

(19)

where, sin(a) and cos(a) are denoted by S, and C,
respectively in the remainder of this study and the
subscripts represent the angles of the trigonometry.

We define vy and o to denote the velocity and
angular velocity of the center of mass of the spherical
shell with respect to the inertia frame ). Then we
have:

w=(-0C, - $S,5,)i+(-0S, +¢C,S,) j+ (v +¢C, )k 20)

The constraints result from the requirement that the
sphere rolls without slipping on the inclined plane, i.e.,
the velocity of the contact point on the sphere is zero at
any instant, vg = 0. Then we can express v, as:

Vi =@OXTFg +V, (21)
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Here rgg = -rk. Substituting (20) into (21) gives:

X, +r(0S,-¢C,S,)=0

(22)
y, +r(0C, +¢S,S,)=0 23)
£,=0 (24)

The constraints in (22) and (23) are nonholonomic,
while the constraint in (24) is holonomic and can be
integrated to obtain:

Z=r (25)

Therefore, the configuration of the robotic system
can be described by a vector of seven generalized
coordinates q = [xs, ys, ¥, 6, o, B, Bz]T.

Dynamic model: We define ®, to denote the angular
velocity of the spherical shell with respect to > z. Then
we have:

@, =y S, +0m+(¢p+yC,)n 26)

The kinetic energy of the spherical shell is given by:

1=gm(s+ 52+ 2) 2 (10 41,00 410

@7

Substituting (24) and (26) into (27), T is obtained.
The potential energy of the spherical shell is:

P =mg (xA_Sy + rcy)

Then the Lagrangian of the spherical shell is:
L =T,-F, (29)

The center of mass of the internal gimbal coincides
with that of the sphere, i.e.:

X, X,
y[ = yv
z z

LA (30)

We define o; to denote the angular velocity of the
internal gimbal with respect to ) ¢. Then we have:

0 Cp Sy
o, =Rio,+| 0| R, =|-S, C,
B 0 0 1

€2

where, R}, is the transformation from ¥ ¢ to 3p.
Differentiating (30) and using (31), the kinetic
energy of the internal gimbal is given by:

Z:%mi(xf+j;f+z'f)+%(1 o, +1,,0, +1_,0])

xxi~ix i iy zzi iz

(32)
The potential energy of the internal gimbal is:
Pl.=ml.g(x5S7+rC7) (33)
Then the Lagrangian of the internal gimbal is:
L =T ~-F (34)

The transformation from the center of mass of the
sphere to that of the pendulum can be described as:

x, || / G 05,
v, |=|» |+R7|0| Ry =RJRIR; R;=| 0 1 0
z z 0 =S 0 C
13 s B B ( 35 )

where, RY is the transformation from Y, to 3p,
RZ = (RE)T is the transformation from Y5 to Y and
R is the transformation from 3 - too ¥ p.

Differentiating (35) and we can obtain the kinetic
energy for the pendulum as:

= gm (545 2)

(36)
The potential energy of the pendulum is:
P, zmpg(xpSy-i-zpr) 37)
Then the Lagrangian of the pendulum is:
L,=T,-F, (38)

The robot consists of the above three parts, then the
Lagrangian of the robotic system is:

L=L +L+L, (39)

Substituting (29), (34) and (38) into (39), then L is
determined. There are only two control torques, i.e., the
tilt torque t; and drive torque Tt,, available on the
system. Consequently, using the constrained Lagrange
method, the dynamic equations of the entire system are
given by:

M(q)§+N(q.9)=A"(q9)A+Br (40
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where, M(q) € R”*7, N(q,q) € R”*! are the inertia
matrix and nonlinear terms, respectively:

1 0 0 r§

) . —rC,S, 0 0
A("){o 10 rC,

rS,S, 0 0

E_OOOOIIO
000O0O0O1

} r=[r, ]

g=[x, v, v 0 0 B B] A=[4 Al
The nonholonomic constraints can be formed as:

A(@)g =0 (41)
Trajectory tracking:

We first partition A(q) as A =[A;: As],
where,

1 0 orS —CS, 0 0
A= A, = v v
0 1 0 rCW

rS,S, 0 0

Let

I

5x5

C(q)= {A'IAZ} W)

We define v = ¢, and consider the following relation:
i=C(q)v (43)

Where, ql = [Xss ys]Ta Clz = [\Pa ea (Pa Bla B2]T'
Differentiating (43) yields:

qZCl}-l—CV (44)

Substituting (43) and (44) into (40) and pre
multiplying both sides by C'(q) gives:

CT(MCV+MCV+N):CTBT (45)

Using the state variable x = [q", v']", we have:

¥ :ﬁj{(cw:)‘ CTB]T

where,

(46)

f.=-(c"Mc)" (C"MCEv+C'N)

We apply the following nonlinear feedback:
_ -1 i
T= [ c'McC CTB} u-f,
(cie) 8] (u- ) o

The state equation simplifies to the form:
x=f(x)+g(x)u (48)

where,

7@ €0 e0-}]

The nonholonomic system in (48) is input-output
linearizable if a proper set of output equations are
chosen. Consider the following output equations:

y=h(q) (49)

The necessary and sufficient condition for input-
output linearization is that the decoupling matrix has
full rank (Nijmeijer and Van Der Shaft, 1990). With

(49), the decoupling matrix ®(q) for the system is:

D(q) = Ju(q) C(q) (50)

where, Jh (q) = 0h/0q is the Jacobean matrix?
To achieve input-output linearization, we introduce
a new state variable z defined as follows:

o | | h(q) h(q)
1=T(x)=|z, |= Lih(q) = ¢~(q)v
%3 h(q) h(q) (51)

Here h(q) is a vector function such that [] 4 ]%] has
full rank. It is easy to verify that T(x) is indeed a
diffeomorphism. The system under the new state
variable z is characterized by:

=0y
1_6qq_z2

2, =@(q)v+D(q)u

4, =J,Cv=J,C(J,C) "z, 52)

Using the following state feedback:

u=0"(q)(v-d(q)v) (53)

We achieve the input-output linearization as:
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2,=%,
Z, =0
y=4a (54)

The zero dynamics of the system is Z3 = 0 (Slotine
and Li, 1991), which is Lagrange stable.

We choose the following output equations for
trajectory tracking of the three-dimensional motion:

y:h(x):[xx yx]T (55)

Applying the nonlinear feedback in (53), we can
obtain a linear zed and decoupled system in the
following form:

X, =4

Vs =0, (56)
We define the tracking errors as:

_ d
g =Xx—X

_ ., .4
ez _ys Yy (57)

Here x* and y* are desired values for x, and vy,
respectively. To stabilize the system in (56) and achieve
desired performance, an outer linear feedback loop is
designed to place the poles of the system:

_,d 5
b =4 _kzel _klel

v, =0y —k,é, — ke, (58)

Here v§ and v§ are desired values for X, and j
respectively. The gains k;(i = 1, 2, 3, 4) are real positive
constants and are properly chosen to make the
following dynamics exponentially stable:

é +k,é +ke =0

é,+ke, +ke, =0 (59)

SIMULATION STUDY

Planar motion: We apply the decoupled sliding mode
control scheme to the spherical robot to demonstrate its
effectiveness. Defining the system state variable x as
x=[adao, d)]T and the control input u as u = 1, we
can convert the planar dynamics of the robotic system
in (1) into the canonical form described by (5) through
coordinate transformation. Here:

[/ L] =-M"'N [b. 6] =M"'B (60)

Table 3: Sliding mode control parameters

o 0.5501
P 2.3272
2y 0.9626
@, 7.4822
n 2.7688
k 0.6769

afrad)

¢(rad)

7 RS S — A S—

Fig. 4: Tracking result for the planar motion

The robot model parameters are selected from
Wang (2007) and the controller design parameters are
listed in Table 3. We assume the robot to execute a rest-
to-rest maneuver on an incline of 10°. The initial and
desired values of the system states are chosen as
xo = [0, 0, ¢, 01", x*=110, 0, 0o, 0 1 respectively. Here
d, is the equilibrium pendulum angle defined in (3).

The tracking result of the proposed controller is
shown in Fig. 4. We can find that not only the rotation
angle of the sphere but also the swing angle of the
pendulum can reach their desired values in a short time.
Before the robot reaches its desired position, the
pendulum angle has already converged to its
equilibrium value only after one oscillation.
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Table 4: Control parameters and initial conditions

X0 03m Yo 0.1 m
Xo 0 m/s Yo 0 m/s
ki 49 k> 14
ks 49 k4 14

desired velocity |-
N 0.70711’15
0.2 M- —— 1.061 m/s {4

Fig. 5: Tracking performance for the 3D motion

Three-dimensional motion: We develop a numerical
simulation to verify the validity of the trajectory
tracking control algorithm. The proposed controller is
used for the robot to track a straight line y = x on an
incline of 10°. The dimensions and inertial parameters
of the robot are also selected from Wang et al. (2007).
In addition, the initial conditions and control parameters
are chosen as listed in Table 4.

The tracking performance of the proposed control
scheme with different desired forward velocities v is
depicted in Fig. 5 and the controller gains k; (i= 1, 2, 3,
4) remain the same in all these cases. The system
response for the desired path is satisfactory as seen
from the figure and the robot is able to reach the desired
path and stay on the path.

CONCLUSION

In this study, we discuss the stabilization and
control problems of a spherical robot on an inclined

plane. At first the set point regulation of the planar
motion is investigated and a decoupled sliding mode
control method is proposed to strictly guarantee the
asymptotic stability of the control system. Then we
investigate the control algorithm for trajectory tracking
of the three-dimensional motion and derive a nonlinear
feedback that guarantees input-output stability and
Lagrange stability of the overall system. Finally, the
simulation results verify the effectiveness of the
proposed control schemes. Future research on the
proposed methods includes real experiments on the
prototype of BYQ-VIII and the generalization of these
methods to the motion control of the robot in complex
unstructured environments.
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