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Abstract: In this study the definition and properties of finite chain ring F,+F, are given, as well as its complete
weight enumerator and symmetric weight enumerator. And on this basis by introducing a special variable t as a new
variable method, to study the linear codes over finite chain rings with dual codes on more than two kinds of weight

enumerators related identities.
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INTRODUCTION

A great deal of attention has been paid to codes
over finite rings from the 1990s since a landmark paper
(Hammons et al., 1994), which showed that certain
nonlinear binary codes can be constructed from Z,-linear
codes via the Gray map and that nonlinear binary codes
(Preparata and Kerdock codes) satisfy  with
MacWilliams identity. The MacWilliams identity,
describing the mutual relationship of the weight
distribution between the linear codes and its dual codes,
has a wide application. MacWilliams (1963) presented
the MacWilliams identity for Hamming weight of linear
codes over finite field F;, Wan (1997) made
systematical description of the MacWilliams identity
with all weight over ring Z;. Zhu (2003) reported the
MacWilliams identity of a symmetric form over ring Zy.
Yu and Zhu (2006) researched the MacWilliams identity
over the ring F,+ UF,. Recently, Yildiz and Karadeniz
(2010) made a research on the linear codes and the
MacWilliams identity of the complete weight
enumerator over the ring Fy+ uF,+1F,+uif,. In this
study, firstly we give a ring R = Fo+1fF,, where v/ = v.
Secondly, by introducing a special variablet we obtain
the MacWilliams identity for the complete weight
enumerator and the symmetric weight enumerator in
virtue of the method in Yildiz and Karadeniz (2010).
Finally, we verify the two identities by some examples
and explain their functions.

PRELIMINARIES

Let:

R=F, +VF, ={a+bv|v2 =0,abe Fz} ={0,1,v,1+V}

Its ideal is:
I, ={0} < I, ={0,v} = I, ={0,1,v,1+V}
So, R belongs to be a finite chain ring.

Suppose R" ={(X,,%,,-+,%,)|% €R,i=12,---,n}.

Every nonempty subset of Ring R" is called to be R
code. The linear code C with the length of n over R is
defined as the R-submodule of R".

\V/X:(Xlzxzz"'zxn)sy:(yp yz""3 yn)e R”

Define their inner product by:
X-Yy=XY + XY, ++ XY,

If xy = 0, then X, y can be called to be mutual
orthogonal. Let:

C'={xeR"|x-y=0,vyeC}

It is easy to prove that C ™ is the linear code over R,
referred as the dual code of C. Then C is called as a self-
orthogonal code. If C=C ", then C is self-orthogonal.

Firstly we introduce the concept of the complete
weight enumerator.

Define 1: Suppose C is a linear code of length n over R,
where r is one element of R. For

VX = (X, X, ", %, ) € R", W, (X) = nZl 5, . is called as
i
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the weight of X tor, where § is the Kronecker

function 6, = {(1) Z : z So we define:
Cue, (X, X, Xy, X ) =2 X
ceC reR

as the complete weight enumerator of the linear code C.
In the following, in order to introduce the concept
of the symmetric weight enumerator, the elements of
ring R should be classified.
The elements of ring R can be divided into the
following three sets:

D, =10}, D, = {L,1+V}, D, = {v}
Define the map: I: R— {0, 1 and 2}
ral(n=1,ifreD;

Define 2: Suppose C is a linear code over R. Then:
SweC (XO, Xl, Xz) = CWEC(XW))a X|(1)’ Xl(l+v)’ Xl(v)) can

be called as the symmetric weight enumerator of code C.
MACWILLIAMS IDENTITY

In order to obtain two weight enumerators of
MacWilliams identity, we introduce a special variable t.
Let t'=—1 and *" =% {*, where a, beR. Obviously, ’=
=1

Lemma 1: For any non-zero ideal J in R, there exists

dth=0-

kel

Proof:
DH=t"+t'=0
kel,
Dot =ttt T =1+t -1-t=0
kel,

Theorem 2: Suppose C is a linear code of length n over
R and C is the dual code of C. Then:

1
]
X, X, +X,—X

Cue, (Xps X1 Xy, X)) =757 Cue (X + X + X, + X

1+v2

Xo +tX1 B Xv —tX xo _txl - Xv +tx1+v)

1+v2 T+v2

Proof: Define the function of C:

Fo)= Dt X

xeR" reR

Then,

ZF(C)=Z(ZWHX,W'“)}Z[Zﬁ'*waj

ceC ceC \ xeC* reR ceC \ xgC* reR

=Y XY YOS E M

xeCt reR ceC xgCt reR ceC
For every fixedx € R", study the function

C—>R
cH— f,(c)=c-x

X *

Obviously, fy is a module homomorphism? We
observed that:

Ker(f,)=C < c-x=0,vceC < xeC"

so the first part of formula (1) can be written as:

> [T X3 e =[e] T X

xeCt reR ceC xeCt reR

If xgC", then Ker(f,)=C.So Im(f)is a

non-zero ideal of R. Thus by virtue of the Lemma 1,
we can obtain that, for every such X, there exists
Zt” = (. Therefore, the second part of the formula
ceC

(1) equals to zero.

So the formula (1) can be written as:

S F©=[c| ¥ T %

ceC xeC* reR
Then there exists the identity:

1
cwecxxo,xl,xv,x]w):'?z F(c) 2)
ceC

Let’s transform the expression of F(C) again. By
means of Konecker function, we get:

Fo= > t][x"®

(%% %, )eR" reR
_ CjXj S(Xj,r)
-3 (e
(XXX, )eR" | j=1 xeR

— z z (tcl'xl Xg(xlso)xlly(xlsl)Xf(xlsv)xlfi(vxlsHV))‘_.

X eR X, €R

(tcn‘xn X(;?(xn,O) xlé(xn 1) van V)Y 6(xn,1+v))

1+v
_ Z(tq'xl X g(xl,O) X f(xl,l) X Va‘(xm X li(vxl,Hv) ) .
X €R
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X, €R

ChXp 5 (X,,0) O(Xp,1) I (Xy,V) I (Xp,1+Vv)
Yt X X FED X 20X )

I+v
[Z tcj -r X r j
j=1 \reR
W (X) W(X) W, (X) Wy (X)
o o s

reR reR reR reR

Substituting the above expressions into the formula
(2), we have:

CWECL(XO’ Xl’ Xv’ X]+v)

:ﬁcwec(z X, DX, ) X I )

reR reR reR reR
:%'cwec(xo XX, 4 X X X = X, XL,
Xy = X, + X, = X,ps Xy =X, = X, +1X,,)

Theorem 3: Suppose C is a linear code of length n over
R, we can obtain:

smcl(xo,xl,xz)=asmgxﬁzxﬁxz,xo—xz,xo—xz)

Proof: According to the definition of the symmetric
weight enumerator and Theorem 2, we know:

SWECL(XO’XI’XZ):CWECL(XI(0)7XI(1)7XI(1+V)’Xl(v))

1 r +V)-r v-r
=|C|Cwec(zxur>’zt Xy 28 X0 2 X 1)
reR reR

reR reR

gz

=0\ red, =0\ re, s=0\ re, s=0\ reD,
L
[l
1
el

Cue, (X 42X, + X5, Xy = X5, X = X, Xo = X,)

Sue, (X +2X,+ X5, Xy = X5, X, = X, )

EXAMPLE

In the following, we will give some examples to
illustrate the application of Theorem 2 and 3.

Proof: Obviously,
C ={(0,0),(1,1),(v,v),(I+v,1+Vv)}
is the linear code over R, with its complete weight

enumerator and symmetric weight enumerator being,
respectively:

CWEC(XO’XI’XV’XHV): ><02+ X12+ sz + X12+v
And:
Swe_ (X, X, X,) = Xo+2X+X;

Then according to Theorem 2, the complete weight
enumerator of the dual code C* is obtained to be:

CweL(xo’xl’Xv’Xlw): [(XO+X1+XV+X1+V)2

1
4
F(X g +tX, =X, =X, )P+ (X, = X, + X, = X,,,)°
F( X, —tX, = X, +tX,,,)%]

=Xi+ X2+ X]+X]

1+v

Therefore, we can get C* = C , that is to say, C is
a self-dual code.

Likewise, based on Theorem 3.3, we get the
symmetric weight enumerator of the dual codeC * :

S, (X0 X0 X) = S, (X +2X 4 X, Xy = X5, X, = X,)

1
:Z[(XO +2X,+ X)) +2(X, = X,)P+ (X, = X,)?]

= XJ+2X]2+ X3+ X X, + X, X,
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