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Abstract: In this study, we introduce and study the (n, 8) neighborhoods of subclasses S, (v, A, B, 1) R, (v, A, B, w1, 1)
S%(v,> A, B, pu, m) and R*(v, A, B, p, n) of the class A(n) of normalized analytic functions in U= {z € C: |z|<l} with
negative coefficients, which are defined by using of the generalized Ruscheweyh derivative operator.
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INTRODUCTION
Let A(n) denote the class of functions f of the form:

f(2)=—Yinsiaxz®(a =20,k € N=
{1,2,..}° (1)

which are analytic in the open unit disk:
U={ze€ C:|z|<1}

For any function f € A(n) and & >0, we define:

geA(n):g(z) =z ibkzkand ik‘% —b <3 @

k=k+1 k=n+

N,(f)=

which is the (n, 8 ) neighborhood of f.
For the identity function e(z) = z, we have:

N,s(f)=

geA(n):g(z)=z- 3 b7 and ik‘bk\ SS} G)

k=k+1 k=n+1

The concept of neighborhoods was first introduced
by Goodman (1983) and then generalized by
Ruscheweyh (1981).

A function f € A is star like of complex order
v(y € C/{0})thatis, f € Cy(y) if:

R{l +%[Z]/:(’Z) — 1]} > O(Z eU,y € (C/{O}) 4)

A function /'€ A (n) is said to be convex of
complex order y(y€/{0})that is, f € C,(y) if:
12f'(2)

R{1 + ?W} > 0(z € U,y € C/{0)) (5)

The classes S'y(y) and C,(y) stem essentially form
the classes of starlike and convex functions of complex
orders which were introduced earlier by Nasr and Aouf
(1985). The Hadamard product of two power series:

f(z):z+iockzkandg(z):Z+Zw:bkzk
k=2 k=2

is defined as (f*g)(z)=z+), abz"

The main objective of this study is to use a recent
generalization of the Ruscheweyh derivative operator
(Al-Shagsi and Darus, 2007) denoted Dxn, define as
follows:

z

where, * stands for the Hadamard product of two power
series. Further, we have:

Di“lf(z): *an(z)(feA(n),zeU)

D f(z)=(1-n)f(z)+nzf'(z),A>-1n>0,ze U.

We can easily see that Dxn admits a representation of
the form:

Dif(z)=2- 3 [1+(k *l)ﬂ][k +E;ljakzk (r>-LfeA(n).n20)

Kk=k+1 k
(6)
Make use of the following standard notation:

K\ _ K&-1)(K-2)..(K-k+1)
()= 2 (K €Ck € N)

A function f'€ A (n) is said to belong to the class
Su(y, A, B, m) if:
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<, (7

1[(Df(>)1J

Y Dif

where, 1 € C /{0}37\,>—1,0<B§1,n20 and z € U.

A function f € A (n) is said to belong to the class
Ru(v, A, B, p, m) if:

®)

<B,

+u(D(z)) 1]

where, 1 € (C/{O},O<B£1,n20,x>—1 and zeU.

Neighborhoods for classes: S, (y, A, B, ) and Ry(y, A,
B, 1, m)

Lemma 1: A function f € S%,(y, A, B,n) if and only if:

A+k-1
k-1

kil[”(k—l)ﬂ]( ](BY+k—1)(kaBy, ©)

Proof: Let f€S,(y, A, B, ) Then, by (6) we can write:

2| (Df (2)) (10)
{[m}l S ey
Equivalently:
+k— (11)
s [ ke
R ( el ] >y (ze V).

RIS G

We choose values of Z on the real axis and let Z

—1-, through real values, the inequality (11) yields the

desired condition (9). Conversely, by applying the
hypothesis (2.1) and letting 1Z1 =1 we have:

k-1 '

st o v
IR

2(Dif(2))
‘ Dif(z)

n

R ey
D SRR ™

k-1

<Py

Hence, by the maximum modulus Theorem, we
have f €R, (v, A, B, ) Similarly, we can prove the
following Lemma.

Lemma 2: A function f €ER,(y, A, B, 1, ) if and only if:

A+k—1
k-1

il[u(k—l)n]( (12)

k=n+

j[p(k -1+ 1]0(k <Bly|-
Theorem 1: if:

13
(n+ 1Bl )

(Bv+n)(1+nn)[

5=

¥|<1),

k+nJ’(

n
Then, Sn(Ya )"7 Ba Tl) m Nn,a(e)

Proof: Let f €S,(y, A, B, ). By lemma 2, we have,

A “
(gy+n)(1+nn)[ ;ng o, <BH

So,
14
S -
k=n+1 (By+n)(l+nn)[k+nj

n

Using (9) and (14), we have:

(““”)[k;n)ki, ko, SBM+(1—[3M)(1+nn)[x:n] S q

k=n+1

SBM+(1—mv\)(1+nﬂ)[k;nj

Bl
(B‘y‘+n)(1+nn)[x:n)
e
That is:
3 ka, < (n+ 1) =5,

S et

Thus, by the definition given by (3), f EN, 5 (e).

Theorem 2: if:
(n+1)Blyl (15)
(pun+1)(1+ nn)(}L " n}
n

Thena Rn ('Y, }\‘7 ﬁs M, n) c Nn,S (e)
Proof: Let f €ER,(y, A, B, 1, n). Then, by lemma 2, we
have:

6:

A+n

b

(un+1)(l+m])[ jz o, <Bly

n
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Which yields the following coefficient inequality:
16
Bl (10
A+
(un +1)(1+ nn)( “j
n

IR
k=n+l

Using (12) and (16), we also have:

u(1+nn)[7‘;“]k§qu SBM+(M—1)(1+m‘|)(nZn] Sa,
<+ i)

Bly
(nn+1)(1+ nn)[x+nj
n
That is:
3 ka, < (n+1)Bly =5,

(un+1)(1+nn)[7‘;“j

Thus, by the definition given by (3), f EN, s(e)

Neighborhoods for classes: S° (v, A, B, ) and R (y, A,

B, )
In this section, we define the neighborhood for

each of the classes S%(y, A, B, n) and S*.(y, A, B,u, M)
A function f €A(n) is said to be in the class S*,(y, A, B,
1) if there exists a function g €S,(y, A, B, 1) such that

i),

g(z

(17)

<l-a (OSasl,zeU).

Similarly, a function f €A(n) is said to be in the
class R%(y, A, B,u, n) if there exists a function gER%(y,
A, B, 1, n) such that the inequality (17) holds true.

Theorem 3: If g €S, (v, A, B, u, n) and:
A+n

18

(By+n)8(1+nn)( N j (18)

(1) (o) weon) -]

a=1-

Then Nn,S (g) C S: ('\/97\'9[35 H;Tl)

Proof: Let f €N, (g) then, by (2), we have:

3 ko, —b,|<3, (19)

k=n+1

Which yields that coefficient inequality:
I 5
Lien+1 |tk — bl < —(n € N) (20)

Since g €R%(y, A, B,u, ) by (14), we have:

> b, < il .
E x
(Bv+n)(1+nn)( ;n]

So that:

Z::"H &y 7bk‘
1- Z::n+1bk

o ol
e’ 7]

=1-oa.

Thus, by definition, f €S*(y, A, B, ) for a given
by (18) Thus, the proof is complete.
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