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Abstract: This study defined the ring F,+vF,, as well as its complete weight enumerator and symmetric weight
enumerator. By introducing a special variable ¢, we deduced two Macwilliams identities for the two weight
enumerators of the linear code and the dual code over the ring Fy+ vF,.
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INTRODUCTION

A great deal of attention has been paid to codes
over finite rings from the 1990s since a landmark paper
(Hammons, 1994), which showed that certain nonlinear
binary codes can be constructed from Z,-linear codes via
the Gray map and that nonlinear binary codes (Preparata
and Kerdock codes) satisfy with MacWilliams identity.
The MacWilliams identity, describing the mutual
relationship of the weight distribution between the linear
codes and its dual codes, has a wide application.
Reference (MacWilliams, 1963) presented the
MacWilliams identity for Hamming weight of linear
codes over finite field F,, Wan (1997) made
systematical description of the MacWilliams identity
with all weight over ring Z,. Zhu (2003) reported the
MacWilliams identity of a symmetric form over ring Z;.
Yu and Zhu (2006) researched the MacWilliams identity
over the ring F, + uF,. Recently, Yildiz et al. (2004)

made a research on the linear codes and the
MacWilliams identity of the complete weight
enumerator over the ring Fy+ uF,tvFytuvF,

(Karadeniz and Yildiz, 2010). In this study, firstly we
give a ring R = FytvF,, where V= Secondly, by
introducing a special variablef we obtain the
MacWilliams identity for the complete weight
enumerator and the symmetric weight enumerator in
virtue of the method in Karadeniz and Yildiz (2010).
Finally, we verify the two identities by some examples
and explain their functions.

PRELIMINARIES

Let:

R=F +vF, ={a+bv‘v2 =0,a,b er} ={0,1,v,1+v}

Its ideal is:
1, ={0} cl ={0,v} cl ={0,1,v,1+v}

So, R belongs to be a finite chain ring.
Suppose R"= {(x1, X2, ..., x,)x; ER, i=1,2,...,n}
Every nonempty subset of Ring R" is called to be R

code. The linear code C with the length of n over R is
defined as the R- submodule of R".

vx:(xpxza'”ax,,)sy:(y15y29"'ayn)€R”
Define their inner product by:
X Y=XNFXNY, ++ XY,

If x = 0, then x, y can be called to be mutual
orthogonal. Let:

C'={xeR"

x-y=0,VyeC}

. 1. .
It is easy to prove that C is the linear code over R,
referred as the dual code of C. Then C is called as a self-
orthogonal code. If C =C", then C is self-orthogonal.
Firstly we introduce the concept of the complete
weight enumerator.

Define 1: Suppose C is a linear code of length n over
R, where r is one element of R. For

n—1 .
Vo= (3,0, %) €R" W (x) = Z 5 is called as
i=1 v
the weight of x to r, where 6 is the Kronecker function
du.b=1{1 0a=b/0 a#b. So we define:

Cwec (XO’XI’XMXHV) = ZHX:‘V‘,v(c)

ceC reR
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as the complete weight enumerator of the linear code C.
In the following, in order to introduce the concept
of the symmetric weight enumerator, the elements of
ring R should be classified.
The elements of ring R can be divided into the
following three sets:

D, ={0},D, ={L,1+v},D, = {v}

Define the map: /:R—{0,1,2}
ri—= I(r)=1ifreD,
Define 2: Suppose C is a linear code over R . Then:

S, (Xs X1, X5) = Coe (X005 X )0 X

1(0)> “} I(1)> 1(1+v)’X1(v))

can be called as the symmetric weight enumerator of
code C.

MACWILLIAMS IDENTITY

In order to obtain two weight enumerators of
MacWilliams identity, we introduce a special variable .
Let "= —land " = - {*, where a, beR. Obviously,

'=r=1.

Lemma 1: For any non-zero ideal J in R, there exists

ditt=0-

keJ
Proof: Zt" = +f
kel,

Dt =ttt " =14t -1-1=0
kel

Theorem 2: Suppose C is a linear code of length n over
Rand C is the dual code of C. Then:

Che,, (X X, X, X, )= Cm_, (X, + X +X +X

1+v2

X, . X~ X+ X, - X, X,

X0+t)(l _X L2 T+v2 tX -X, +tX1+»)

Proof: Define the function of C:

F(e)= Y " [ X

xeR" reR

Then:

Sro-3 STl |5 ZeThe

ceC ceC\ xeC* reR ceC\ xeCt reR
— Xw, (x) tc-x + Xw, (x) tc-x ( 1)
2z ey

For every fixed x € R", study the function:

) C——>R
fX:

cH f(o)=c-x

Obviously, f. is a module homomorphism. We
observed that:

Ker(f)=C< c-x=0,YVceC < xeCh

so the first part of formula (1) can be written as:

8 ) E S WA <15 38 y P 2

xeC*t reRr ceC xeC* reR

If xe C*, then Ker (f,) # C. So Im(f;) is a non-
zero ideal of R. Thus by virtue of the Lemma 1, we can
obtain that, for every such x, there exists Zt” =0-

ceC
Therefore, the second part of the formula (1) equals to
Zero.
So the formula (1) can be written as:

> F@=le| X ] x

ceC xeC* reR

Then there exists the identity:

Z F(c) @)

ceC

Crepr (X o, X1, X, X

1+\ |

Let’s transform the expression of F(c) again. By
means of Konecker function, we get:

Fey= Y oL %

(x),x5,,x,)eR” reR

I S —
(x),%5,+,x, )eR” xeR

_ Z Z (t“'X(;"“"O)Xl‘"‘“’”X‘f_"‘“"’)Xl‘i(j"”"))---

x €R x,€R
CpX, 5(x,,0) v O(x,.1) vyo(x,.v) yvo(x,,l+v)
(t XO Xl Xv Xl+v )

=y (tcmX(f(xl,0>X15<x1,1>Xf(w>X1ci<Vn,l+v>)...

xeR

Z (tcﬂ x,,Xam O)Xam ”XW" V) x 6 1+v))

1+v
x,€R

iz

j=1 \reR

(20) [z (mron] (g

reR reR reR reR

Substituting the above expressions into the formula
(2), we have:
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Cueos (X, X, X, X))
\c\ (ZX ZtX Zz X, ZI(“)X)

Cue (X + X+ X, + X, Xy +1X, - X —1X

1+v 2 1+v?

]

X, —X +X,-X.,.X,

1+v? ZXI_XV+ZX1+V)
Theorem 3: Suppose C is a linear code of length n over
R, we can obtain

1
Sw(.l(Xo’Xl’Xz): SW((X()+2X1 +X2’XU_X2’XU _Xz)

[c|

Proof: According to the definition of the symmetric
weight enumerator and Theorem 2, we know:

wev (XoleaX )_ (X[(O)’X[(l)’XI(Hv)’XI(v))
— (14+v)-
=157 e Q0 Xy 2 Xy 217X, 207 K )
reR reR reR reR

etz

5=0 \_reD, 5=0\_reD, 5=0 \_reD, 5=0 \ reD,

:Lcwe(. (XU+2X1+X23XU_X23X()

‘C‘ _XZ’X()_XZ)

:LSW_,C (X, +2X,+X,, X, — X,, X, ~ X,)

€]
EXAMPLE

In the following, we will give some examples to
illustrate the application of Theorem 2 and 3.

Proof: Obviously:

C ={(0,0),(1,1),(v,v),(A+v,1+v)}
is the linear code over R, with its complete weight
enumerator and symmetric weight enumerator being,

respectively,

CL1»eC(X07X17Xv’X1+v)_X +X +X +X12+‘
And:
2 2 2
SweC(XoyleXz):Xo_i_ZXl +X2

Then according to TheoreJr_n 2, the complete weight
enumerator of the dual code C ™ is obtained to be:

CWH(XU,XI,X>X1+v):l[(X +X X+ X))

+H X, +tX, - X - Y+ (X, - X, +X,-X,,,)

1+\

(X, —tX, = X, +1X,.)"]
=X+ X+ X1+ X!

I+v

Therefore, we can get Cl = C, that is to say, C is a
self-dual code.

Likewise, based on Theorem 3.3, we get the
symmetric weight enumerator of the dual code C,

1
Se (X5, X, X)) :ZSWC (X, +2X +X,, X, - X,, X, - X,)

1
:Z[(XO +2X,+ X)) +2(X, - X, +(X, - X,)°]

=X +2X+ X]+X X, + X, X,
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