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Research Article 
Application of Order Nine Block Method for Solving Second Order Ordinary Differential 

Equations Directly 
 

J.O. Kuboye and Zurni Omar 
Department of Mathematics, School of Quantitative Sciences, College of Art and Sciences,  

Universiti Utara Malaysia, Malaysia 
 

Abstract: In this study, a new block method of order nine is proposed to solve second order initial value problems 
of ordinary differential equations directly. The method is developed via interpolation and collocation approach 
where the use of power series approximate solution as a basis function is considered. The properties of the 
developed block method which includes zero-stability, order, consistency and convergence are also established. The 
numerical results reveal that the new method performs better than the existing method when applied for solving 
second order ordinary differential equations. 
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INTRODUCTION 

 
 In this study, numerical method for the direct 
solution of initial value problems of ordinary 
differential equations of the form 
 

βα =′=′=′′ )0(,)0(),,( yyyyxfy               (1) 
 

is examined. Efforts in the development of numerical 
methods for solving higher order initial value problems 
especially second order ordinary differential equations 
have been made by eminent scholars such as Awoyemi 
(2001), Adesanya et al. (2008), Kayode (2008) and 
Yahaya and Badmus (2009). 

Recently, much attention had been devoted in 
developing predictor-corrector methods for solving (1) 
directly. It is noted that this method is associated with 
some limitations and these are: computational burden 
which as a result of many functions to be evaluated, 
combining of predictors that are of lower order with the 
correctors. All these highlighted drawbacks affect the 
accuracy   of  the  method  (Kayode,  2008;  Adesanya 
et al., 2008). 

In order to advance the accuracy of numerical 
methods, block method was introduced to 
simultaneously  generate  numerical  results  (Adesanya 
et al., 2013; Omar and Suleiman, 1999, 2003, 2005). 
This method gives better approximation and found to be 
cost effective because of the evaluation of few 
functions involved. The derivation of block methods 
with    lower    step-length   for   solving   second   order  
ordinary differential equations have been considered by 
researchers  like  Adesanya  et  al.  (2008) and 

Mohammed et al. (2010) in which the accuracy of the 
methods are very low. 

To bring improvement on the accuracy of block 
method, this study considers higher step-length k = 8 
for the development of block method that can solve 
second order initial value problems of ordinary 
differential equations directly. 
 

METHODOLOGY 
 
Power series approximate solution of the form 
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is considered as an interpolation polynomial. Where r 
and s are the number of interpolation and collocation 
points, respectively. Equation (2) is differentiated twice 
to give: 
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The approximate solution (2) is interpolated at x = xn+i, i 
= 5(1)6 and we collocate Eq. (3) at x = xn+i, i = 0(1)8. 
The interpolation and collocation equations give: 
 

AX = B                             
(4) 

 
where, X = [a0, a1, a2, ..., a10]

T
, B = [yn+5, yn+6, fn, fn+1, 

..., fn+8]
T
 the value of A is shown in Appendix A. 
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Gaussian elimination method is applied to find the 
values of the unknown variables aj,  j = 0(1)k+2 (refer 
to Appendix B) in (4) which are substituted into Eq. (2) 
to give a continuous implicit linear multistep method of 
the form: 
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where the coefficients αj(z) and βj(z) are given as: 
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where  ,8 1
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and C is displayed in 

Appendix A. 
Evaluating (5) at the non-interpolating points and 

its derivative at x = xn+i, i = 0(1)8 to produce discrete 
schemes and its derivatives which are combined in a 
matrix finite difference equation to give a block of the 
form: 
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where, 
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and E' is shown in Appendix A. 
The derivative of (6) gives: 
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where, G can also be seen in Appendix A. 
 

ANALYSIS OF THE METHOD 

 

Order of the method: In finding the order of our 
method, the method proposed by Lambert (1973) is 
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adopted. This gives our method to have a uniform order 
[9,9,9,9,9,9,9,9]

T

 
with error constants: 
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Zero stability: The block method (6) is zero-stable if 

the roots Npz
p

,.....,2,1, =
 

of the first characteristic 

polynomial )det()( BAzz ′−′=ρ  satisfy 1≤pz and the 

root 1=pz  having multiplicity not exceeding the order 

of differential equation under consideration. It is shown 
below: 
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This gives )1()( 7 −= zzzρ which implies z = 

0,0,0,0,0,0,0,1. Hence, the new method (6) is 

convergent because it is zero-stable and having an order 
greater than one (Henrici, 1962). 

 

NUMERICAL EXPERIMENTS 
 
Problem 1: y" = -y +2cosx, y(0) = 1, y'(0) = 0, 0 ≤ x ≤ 1 
Exact solution: y(x) = cos x + x sin x.  

Omar and Suleiman (1999) solved the above 
differential problem where the maximum errors were 
also selected. Both results are shown in Table A1 
(Appendix A).  

 
Problem 2: y" = y, y(0) = 1, y'(0) = 1, 0 ≤ x ≤ 1. Exact 
solution: y(x) = e

x
.  

The above problem 2 was also solved by Omar and 
Suleiman (1999). We solved the same problem using 
our new method and maximum errors were selected. 
The result is shown in Table A2 (Appendix A). 

 

CONCLUSION 
 

A new order nine block method which was applied 

to second order initial value problems of ordinary 

differential equations to generate numerical results has 

been developed in this study. The results generated are 

shown in Tables A1 and A2 which are better than the 

results produced by Omar and Suleiman (1999). 
 

Appendix A:  

 

Table A1: Comparison of the new method with Omar and Suleiman (1999) 

h  Exact solution Numerical solution 
Error in Omar and 
Suleiman (1999). K = 8 

Error in the new 
method. K = 8 

0.01 7.650397549979526700       7.650397550380509900     
 

6.01615E-04 4.009832E-10     
 

0.001 7.759795937206075900      
 

7.759795937206067000     
 

4.16853E-04            
 

8.881784E-15
 

0.0001 7.768432159576440700         
 

7.768432159576273800  
 

4.20700E-05
 

1.669775E-13      
 

0.00001 7.769272793381416500      
 

7.769272793372717700     
 

4.20736E-06            
 

8.698819E-12
 

 
Table A2: Comparison of the new method with Omar and Suleiman (1999) 

h  Exact solution Numerical solution 
Error in Omar and 
Suleiman (1999). K = 8 

Error in new 
method. K = 8 

0.01 2.944679551065525900      
 

2.944661540405518500     
 

1.06947E-02 1.801066E-05
 

0.001 2.740115300529943000      
 

2.740113674210062900     
 

5.93077E-04            
 

1.626320E-06      
 

0.0001 2.720457324003748800      
 

2.720455876101673300     
 

5.87659E-05
 

1.447902E-06
 

0.00001 2.718499299698846600      
 

2.718497856159629100     
 

5.87601E-06            
 

1.443539E-06       
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The values of 2)1(0, += kja
j

 



 

 

Res. J. Appl. Sci. Eng. Technol., 11(1): 19-26, 2015 

 

23 

876

54321

876543216

10

8

7654321

2

4

876543

214

6

8765

43213

5

876

543215

7

87

6543216

8

8

76543217

9

8

7654321

3

54

2

8

2

7

2

6

2

5

2

4

2

3

2

2

2

1

22

650

2419200

18239

226800

15187

226800

45541

448

729

103680

14743

453600

1019017

302400

10039

907200

1442209

290304

83287

)828567056288(
3628800

)3267

29664120008284256435330448672312984138528

29531(
120960

)96785763363676352109930102912

61156210563207(
172800

)46942161683039128

582805738436706139602403(
28800

)353051170

258135803195179057581(
30240

)23196

73215642090178895629239(
161280

)7

58210434560462238709(
725760

)105

9603920940814700156801176067202283(
5040

)(
2

1

80640

19

7560

73

7560

3139

224

1035

24192

89779

15120

50357

10080

17819

30240

33389

48384

2935
56

+++

+++++

+++++++++

+++++++

++++++

++++++

+++++++

+++++++

+++++++

++++++++

+++++++

++++++

++++++

−+−

+−+++

++−+−+−+−+

+−+−+−+−

++−+−+−

+−++−+−

+−+−++−

+−+−+−++

−+−+−+−++

−+−+−+−++

−+−+−+−

+−+++−−++

+++++−=

nnnnnn

nnnnnnnnnnnn

nnnnnnnnn

n

n

nnnnnnn

n

n

nnnnnn

nnn

n

nnnn

nnnnn

n

nnn

nnnnnn

n

nn

nnnnnnn

n

n

nnnnnnnn

n

n

nnnnnnnn

n

nn

n

nnnnnn

nnnnnnn

fx
h

fx
h

fx
h

fx
h

fx
h

fx
h

fx
h

fx
h

fx
h

fffffffff
h

x
f

fffffff

f
h

x
ffffff

fff
h

x
ffff

fffff
h

x
fff

ffffff
h

x
ff

fffffff
h

x
f

ffffffff
h

x
f

ffffffff
h

x

yy
h

x
fxfhfhfhfh

fhfhfhfhfhyya

 
 

6543215

6

8

76543216

7

876543217

8

87654321

2

65876

532141

1170258135803195179057581(
4320

)23

19673215642090178895629239(
20160

)758210434560462238709(
80640

)105960392094081470015680117606720

2283(
1680

)(
1

2419200

18239

226800

15187

226800

45541

448

729

290304

83287

453600

1019017

302400

10039

907200

1442209

103680

14743

+++++++

+++++++

++++++++

++++++++

+++++

+++++

+−+−+−−+

−+−+−+−−

+−+−+−+−−

+−+−+−+−

−−−−+−+

−−−−−=

nnnnnnn
n

n

nnnnnnnn

n

nnnnnnnnn

n

nnnnnnnn

n
n

nnnnnnn

nnnnnn

fffffff
h

x
f

ffffffff
h

x

fffffffff
h

x

ffffffff

f
h

x
yy

h
fxhfhfhf

hfhfhfhfhfhfa

 

)828567056'288(
362880

)3267

29664120008284256435330448672312984138528

29531(
30240

)96785763363676352109930102912

61156210563207(
28800

)46942161683039128

582805738436706139602403(
5760

)35305

876543218

9

8

7654321

2

3

876543

214

5

8765

43213

4

87

+++++++++

+++++++

++++++

++++++

++++++

+−+−+−+−−+

−+−+−+−

−+−+−+

−+−−+−+

−+−+−−+−

nnnnnnnnn

n

n

nnnnnnn

n

n

nnnnnn

nnn

n

nnnn

nnnnn

n

nn

fffffffff
h

x
f

fffffff

f
h

x
ffffff

fff
h

x
ffff

fffff
h

x
ff

 



 

 

Res. J. Appl. Sci. Eng. Technol., 11(1): 19-26, 2015 

 

24 

)105960392094081470015680

1176067202283(
1680

)828567056

'288(
80640

)326729664120008284256435330

44867231298413852829531(
20160

)9678576

336367635210993010291261156210563207(
11520

)105960392094081470015680

1176067202283(
1680

)828567056

288(
30240

)967857613363676352109930

10291261156210563207(
8640

)469421616830

39128582805738436706139602403(
2880

)35305

1170258135803195179057581(
1440

)23

19673215642090178895629239(
5760

)7

58210434560462238709(
201602

1

)828567056'288(
362880

)3267

29664120008284256435330448672312984138528

29531(
30240

)96785763363676352109930102912

61156210563207(
28800

)46942161683039128

876543

21876543

218

8

87654

3212

2

87

6543214

4

876543

21876543

218

7

87654

3214

3

876

543213

3

87

6543215

5

8

76543216

6

8

76543217

7

2

876543218

9

8

7654321

2

3

876543

214

5

8765

++++++

++++++++

+++++++

+++++

++++++

++++++

++++++++

+++++++

++++++

+++++++

+++++++

++++++++

+++++++

+++++++++

+++++++

++++++

++++++

+−+−+−

+−++−+−+−

+−++−+−

+−+−++−

+−+−+−

+−+−+−

+−−+−+−+−

+−−+−+−

+−+−−+−

−+−+−++

−+−+−+−++

−+−+−+−+

+−+−+−+−+=

+−+−+−+−−+

−+−+−+−

−+−+−+

−+−−+−+

nnnnnn

nnn

n

nnnnnn

nnn

n

nnnnn

nnnn

n

nn

nnnnnnn

n

nnnnnn

nnn

n

nnnnnn

nnn

n

nnnnn

nnnn

n

nnn

nnnnnn

n

nn

nnnnnnn

n

n

nnnnnnnn

n

n

nnnnnnnn

n

n

nnnnnnnnn

n

n

nnnnnnn

n

n

nnnnnn

nnn

n

nnnn

ffffff

fff
h

x
ffffff

fff
h

x
fffff

ffff
h

x
ff

fffffff
h

x

ffffff

fff
h

x
ffffff

fff
h

x
fffff

ffff
h

x
fff

ffffff
h

x
ff

fffffff
h

x
f

ffffffff
h

x
f

ffffffff
h

x
fa

fffffffff
h

x
f

fffffff

f
h

x
ffffff

fff
h

x
ffff

 

+−+−+−−

+−+−+−+−−

+−+−+−+−

−+−+−+−+−−

−+−+−+−+
−

=

++++++

+++++++

++++++++

++++++++

++++++++

543213

2

8

76543215

4

876543216

5

876543217

6

876543213

39128582805738436706139602403(
2880

)35

3051170258135803195179057581(
864

)2319673215642090178895629239(
2880

)758210434560462238709(
8640

48

1

21

4

9

7

15

28

12

35

9

28

3

7

31680

761

nnnnnn

n

n

nnnnnnnn

n

nnnnnnnnn

n

nnnnnnnnn

n

nnnnnnnnn

ffffff
h

x
f

ffffffff
h

x

fffffffff
h

x

fffffffff
h

x

f
h

f
h

f
h

f
h

f
h

f
h

f
h

f
h

f
h

a

 



 

 

Res. J. Appl. Sci. Eng. Technol., 11(1): 19-26, 2015 

 

25 

)469421616830391285828057384

36706139602403(
5760

)828567056

288(
30240

)967857613363676352109930

10291261156210563207(
8640

)469421616830

876543

213876543

218

7

87654

3214

3

876

++++++

++++++++

+++++++

++++++

+−+−+−

+−+−+−+−+−

+−−+−+−

+−+−−+−

nnnnnn

nnn
n

nnnnnn

nnn
n

nnnnn

nnnn
n

nnn

ffffff

fff
h

x
ffffff

fff
h

x
fffff

ffff
h

x
fff

 

 

 

)4694216168303912858280

5738436706139602403(
5760

)8285670

56'288(
17280

)967857613363676352109930

10291261156210563207(
11520

)353051170

258135803195179057581(
864

)23196732

15642090178895629239(
2304

)758210

434560462238709(
57604480

121

240

103

2160

2143

20

47

192

691

540

2003

80

207

420

481

120960

29531

87654

321387654

3218

6

87654

3214

2

876

543215

3

876

543216

4

876

543217

5

8272

6252423222124 2

+++++

++++++++

++++++++

++++++

++++++++

++++++++

+++++++

++++++

+−+−

+−+−++−+−+

−+−−+−+−

+−+−++−+

−+−+−++−+

−+−+−++−+

−+−+−−+−

+−+−+−=

nnnnn

nnnn
n

nnnnn

nnnn
n

nnnnn

nnnn
n

nnn

nnnnnn
n

nnn

nnnnnn
n

nnn

nnnnnn
n

nn

nnnnnnn

fffff

ffff
h

x
fffff

ffff
h

x
fffff

ffff
h

x
fff

ffffff
h

x
fff

ffffff
h

x
fff

ffffff
h

x
f

h
f

h

f
h

f
h

f
h

f
h

f
h

f
h

f
h

a

 

 

)9678576133636

7635210993010291261156210563207(
28800

)828567056'288(
14400

)3530511702581358031951790575

81(
1440

)23196732156420901788956

29239(
2880

)758210434560462

238709(
576028800

469

3600

527

320

187

3600

4891

720

1457

400

797

14400

18353

720

349

3200

267

876

543214

876543218

5

87654321

5

2

8765432

16

3

876543

217

4

837363

534333231335

+++

+++++

++++++++

++++++++

+++++++

+++++++

+++++

+++++

+−

+−+−+−

−+−+−+−+−−

+−+−+−+−

−+−+−+−

+−++−+−+

−+−−−−+−

+−+−+
−

=

nnn

nnnnnn

n

nnnnnnnnn

n

nnnnnnnn

n

n

nnnnnnn

nn

n

nnnnnn

nnn

n

nnn

nnnnnn

fff

ffffff
h

x

fffffffff
h

x

ffffffff

f
h

x
fffffff

ff
h

x
ffffff

fff
h

x
f

h
f

h
f

h

f
h

f
h

f
h

f
h

f
h

f
h

a

 

)35305117025813580

3195179057581(
4320

)8285670

56'288(
17280

)2319673215642090

178895629239(
5760

)758210434560

462238709(
8640172800

967

1350

67

14400

2803

2700

1193

17280

10993

225

134

43200

15289

2700

329

57600

1069

87654

321587654

3218

4

87654

3216

2

87654

3217

3

847464

544434241446

+++++

++++++++

++++++++

++++++++

++++++

+++++

+−+−

+−+−++−+−+

−+−−+−+−+

−+−++−+−+

−+−+++−+

−+−+−=

nnnnn

nnnn

n

nnnnn

nnnn

n

nnnnn

nnnn

n

nnnnn

nnnn

n

nnn

nnnnnn

fffff

ffff
h

x
fffff

ffff
h

x
fffff

ffff
h

x
fffff

ffff
h

x
f

h
f

h
f

h

f
h

f
h

f
h

f
h

f
h

f
h

a

 



 

 

Res. J. Appl. Sci. Eng. Technol., 11(1): 19-26, 2015 

 

26 

)2319673215642090

178895629239(
20160

)8285670

56'288(
30240

)758210434560

462238709(
20160864

1

6048

61

336

13

30240

2581

1512

179

672

71

3024

179

6048

115

1120

3

87654

321687654

3218

3

87654

3217

2

857565

554535251557

+++++

++++++++

++++++++

++++++

+++++

+−+−+

−+−−+−+−

+−+−−+−+−

+−+−−−+

−+−+−+
−

=

nnnnn

nnnn

n

nnnnn

nnnn

n

nnnnn

nnnn

n

nnn

nnnnnn

fffff

ffff
h

x
fffff

ffff
h

x
fffff

ffff
h

x
f

h
f

h
f

h

f
h

f
h

f
h

f
h

f
h

f
h

a

 

)758210434560

462238709(
80640

)8285670

56'288(
80640161280

23

5760

7

134400

61

40320

391

16128

209

13440

149

40320

239

40320

73

53760

13

87654

321787654

3218

2

867666

564636261668

+++++

++++++++

++++++

+++++

+−+−+

−+−++−+−

+−+−−+−+

−+−+−=

nnnnn

nnnn

n

nnnnn

nnnn

n

nnn

nnnnnn

fffff

ffff
h

x
fffff

ffff
h

x
f

h
f

h
f

h

f
h

f
h

f
h

f
h

f
h

f
h

a

 

)828567056'288(
3628800

1

)8285670

56'288(
362880103680

1

362880

29

3456

1

51840

31

1296

1

17280

11

51840

17

10368

1

80640

1

87654321810

87654

3218877767

574737271779

++++++++

+++++

++++++

+++++

+−+−+−+−=

+−+−

+−+−−−+−

+−+−+
−

=

nnnnnnnnn

nnnnn

nnnn

n

nnn

nnnnnn

fffffffff
h

a

fffff

ffff
h

x
f

h
f

h
f

h

f
h

f
h

f
h

f
h

f
h

f
h

a

 

 

REFERENCES 

 
Adesanya, A.O., T.A. Anake and M.O. Udoh, 2008. 

Improved continuous method for direct solution of 
general second order ordinary differential 
equations. J. Niger. Assoc. Math. Phys., 13: 59-62. 

Adesanya, A.O., D.M. Udoh and A.M. Ajileye, 2013. A 
new hybrid block method for direct solution of 
general third order initial value problems of 
ordinary differential equations. Intern. J. Pure 
Appl. Math., 42: 4. 

Awoyemi, D.O., 2001. A new sixth order algorithms 
for general second order ordinary differential 
equation. Int. J. Comput. Math., 77: 117-124. 

Henrici, P., 1962. Discrete Variable  Method in 
Ordinary Differential Equations. John Wiley and 
Sons, New York.  

Kayode, S.J., 2008. An efficient zero-stable numerical 
method for fourth-orders differential equations. Int. 
J. Math. Math. Sci., 2008: 1-10. 

Lambert, J.D., 1973. Computational Methods in 

Ordinary Differential Equations. John Wiley & 

Sons Inc., Chichester. 

Mohammed, U., M. Jiya and A.A. and Mohammed, 

2010. A class of six-step block method for the 

solution of general second order ordinary 

differential equations. Pac. J. Sci. Technol., 11(2): 

273-277. 

Omar, Z.B. and M.B. Suleiman, 2003. Parallel R-point 

implicit block method for solving higher order 

ordinary differential equation directly. J. ICT, 3(1): 

53-66. 

Omar, Z.B. and M.B. Suleiman, 2005. Solving higher 

order ODEs directly using parallel 2-point explicit 

block method. Matematika, Pengintegrasian 

Teknologi Dalam Sains Matematik, Universiti 

Sains Malaysia, 21(1): 15-23. 

Omar, Z. and M. Suleiman, 1999. Solving second order 

ODEs directly using parallel 2-point explicit block 

method. Prosiding Kolokium Kebangsaan 

Pengintegrasian Teknologi Dalam Sains 

Matematik,   Universiti   Sains   Malaysia,   pp: 

390-395. 

 

. 

 


